Statistical Significance Testing From Scratch

Karl Stratos

1 Fundamental Notions

Let Z,, ~ N (g1, 1) with unknown g. Our “alternative” hypothesis is
H1 v 75 0

We want to decide if we should accept H; based on a single sample z, of Z,. Since we don’t care about the
exact nonzero value of p that makes H; true, we may consider a proof by contradiction. A null hypothesis is a
statement that is false iff H; is true, in this case

Hy: p=20
Now we need to decide if we should reject Hy based on z,. There are two possible errors.
e Type I error: We accept a false Hy (i.e., reject a true Hp).
e Type II error: We reject a true H; (i.e., accept a false Hp).

We want to especially avoid a type I error. To this end, we introduce a hyperparameter o € (0,1) called a
significance level. We will define RejectNull, : R — {0,1} that maps z, to 1 iff it rejects Hy such that the
associated type I error probability is . Formally,

a = Pr(RejectNull (Z,) = 1|Hj is true) (1)
where the probability is over Z,, ~ N (p, 1). This justifies rejecting Hy (i.e., accepting Hy) if RejectNull (z,) =1

and « is sufficiently small since then the chance of rejecting a true Hy is small. In constrast, we do not directly
control the probability of making a type II error

B = Pr(RejectNull,(Z,) = 0|H is false)

which is a complicated function of o. Thus we do not accept Hy (i.e., reject Hy) if RejectNull (z,) = 0: we simply
say there is not enough evidence to accept either Hy or H;.

Statistical power. A related quantity is the probability of rejecting a false Hy (i.e., accepting a true Hy) called
the statistical power of the test

1 — 8 = Pr(RejectNull (Z,) = 1|H, is false)

If a test is statistically weak, it has a high chance of not accepting a true H;. As an illustration, a conservative test
that never rejects Hy has the statistical power of 0.

Critical region. There are many valid rejection rules that satisfy (1). Specifically, RejectNull (z,) = [[z4 € Kal]
where k, C R is any subset whose probability mass is o under A/(0,1). Below we show two possible choices of k,
at a = 0.05 (image credit: standard normal mass calculator by David Lane).
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(One can imagine other crazy probability mass allocations.) While both are valid, the second is more intuitive
because it consists of points that “most violate” Hy (i.e., u = 0). Henceforth we will only consider this unique
choice of k, and call it the critical region. In this case, it is given by k, = (—00, —¢4) U (cq, 00) with ¢, (so-called
critical value) satisfying

1— ®(co) = B(—co) = %

where ®(z) = Pr(Zp < z) is the CDF of N'(0,1). Note that we divide « by 2 because N'(0,1) is symmetric and the
most violating points are evenly split across two extremes. We reject Hy iff the sample falls in the critical region.
This is equivalent to rejecting Hy iff 0 is not trapped in a confidence interval for the mean of Z,, with confidence
1 — a (Appendix B).

p-value. The particular choice of k,, as the critical region is also useful because it allows us to consider a sample-
dependent quantity called the p-value. Specifically, p is the probability of sampling a point that violates Hy more
than the given observation. In this case,

p="Pr(|Z,] > z,|Hy is true) = Pr(Z,, > z,|Hy is true) + Pr(Z, < —z,|Hp is true) = 2®(—z,)

Since p < «v iff 2, € Ky, We can use p < « as an alternative rejection rule. If we reject Hop, the p-value tells us how
strongly we reject it (the smaller p is, the stronger the rejection). If z, = 2.03, we reject Hy at a p-value of 0.04. If
z, = —3.7, we reject Hy at a p-value of 0.0001.

1.1 One-Tailed Tests

Our hypothesis may be “one-tailed”. Instead of claiming p # 0, we may claim H; : g > 0 (upper-tailed). The
corresponding null hypothesis is Hp : ¢ < 0. The notion of “most violating” Hy changes to being furthest away to
the right, so the critical region is given by ko = (cq,00) for a critical value ¢, > 0. For any p < 0 the probability
of a type I error is

Pr(Z, > ca|lpp <0) < Pr(Z, > calpp=0) = ®(—cq)

Hence we can use a critical region (cq, 00) satisfying ®(—c,) = a and upper bound the probability by «. Similarly,
for any p < 0 the probability of sampling a point that violates Hy more than z, ~ N (u,0) is

Pr(Z, > z,|p < 0) < Pr(Zy > zu|p = 0) = ®(—2,)

So p = ®(—z,) upper bounds the probability. In short, we can simply compute the critical region and the p-value
assuming p = 0 because doing so will only make our conclusion more conservative. In a lower-tailed test, we claim
that Hy : p < 0.

1.2 Example

Let oo = 0.05 be our significance level which ensures that the chance of accepting a false hypothesis is at most 5%.
We get a sample z, ~ N(p,1) and find that z, = 2.03. Since the value is rather large, we have every reason to
hypothesize that p > 0 or u # 0, but probably not p < 0. Below are our test results.

Hy Hy Ka Conclusion P
z, = 2.03 w>0 (upper-tailed) | p <0 (1.645, c0) reject Hy 0.02
a=0.05 <0 (lower-tailed) | >0 (00, —1.645) do not reject Hy | 0.98
w#0 (two-tailed) | p =0 | (—o0,—1.96) U (1.96, c0) reject Hy 0.04

Note that the two-tailed test is statistically weaker than one-tailed tests. Had we sampled z, = 1.87, we can
accept 1 > 0 but not p = 0. Even so, one-tailed tests are rarely appropriate because they fail to check if the other
direction is true which might be vital information (e.g., the new drug is actually less effective, not more). Reporting
a one-tailed p-value after rejecting the null hypothesis with a two-tailed test to make the result more significant
would be dishonest. Thus we always consider a two-tailed test except in test types in which only a one-tailed test
is meaningful (e.g., F-test).



1.3 Test Statistic

One way to categorize significance tests is by the distribution type of the test statistic, defined as whatever
quantity derived from the sample that we use to accept or reject the hypothesis. In this toy test, the test statistic
is the sample z, ~ N (u,1). In general, the test statistic is a nontrivial function of the sample.

2 Z-Test

This is the simplest non-identity test statistic. Let X;... Xy s N (u,0?) where we know the value of 0. Our

hypothesis is
Hy: p#p

for some fi € R. The corresponding null hypothesis is Hy : p1 = ji. Under the null hypothesis, Xy = % vazl X; ~
N (f1,02/N), therefore

Xy —fi
VN ~N(0,1) (2)

so we can again use the standard normal distribution to calculate critical values and the p-value. For instance, if
the test statistic is 1.7, the two-tailed p-value is 0.0891 corresponding to the shaded area under A(0,1) and we fail
to reject Hp at o = 0.05.1
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The toy test in Section 1 is a special case with i = 0, 0> = 1, and N = 1. Note that this is specifically
designed to take advantage of the central limit theorem (CLT): even if the sample distribution is not normal,

Xy PR N(ji,0%/N) as N — oo so that (2) holds approximately. However, since we rarely assume that we know
the true variance this is rarely used.

3 T-Test

3.1 Omne-Sample T-Test

Let X;... Xn < N (i, %) where N > 2. Our hypothesis is again
Hy: p#p

for some ji € R. The corresponding null hypothesis is Hy : ¢ = fi. Under the null hypothesis, Xy = % Zf;l X;
and 52, = 17 SN (X; — Xn)? satisfy (Lemma H.2)
XNng
Sn/ VN
where 7(v) is the ¢-distribution with v degrees of freedom, which we can use calculate critical values and the p-value

(Appendix H.2). For instance, if N =5 and the test statistic is -1.533, the two-tailed p-value is 0.2 corresponding
to the shaded area under 7(4)

T(N —=1) (3)

In a lower-tailed z-test, the p-value would be a half 0.0446 and we reject Hp. But as discussed earlier we should not consider
one-tailed tests when a two-tailed test is meaningful.



. . ; ® Xn—fi . XN—f Jev's
As N — oo (3) becomes equivalent to (2) since §NN/ A converges to = ;V N by Slutsky’s theorem (Theorem C.1)

and 7(N — 1) converges to A(0,1) (Appendix H.2). This makes the {-test applicable on non-normal samples if N
is sufficiently large.

3.2 Paired Two-Sample T-Test

This test compares the means of two arbitrarily dependent (i.e., paired) normal variables. We can reduce it to the
one-sample t-test as follows. Let (X1,Y7)...(Xn,YnN) £ N(u, ) where p = (ux, puy) € R? and ¥ € RZ$%. Our

hypothesis is
Hy: opx # py

The corresponding null hypothesis is Hy : gx = py. Under the null hypothesis, X; — Y; ~ N(0,0%) with 02 =
311 + Y92 + 2¥15 so that

% Z£1(Xi - Yi)
Sy /VN

where 512\, is the sample estimator of 02. Again, even if the samples are not normal, the test is asymptotically exact
as N — oo by the CLT.

~T(N—-1)

3.3 Independent Two-Sample T-Test
An alternative two-sample test can be derived if the variables are independent. Let X ... Xy LN (ux,o?) and
Vi Yy SN (uy,0?). We assume equal variance o2 and sample size N > 2 for simplicity. Our hypothesis is

Hy: opx # py
The corresponding null hypothesis is Hy : ux = py. Under the null hypothesis, we have (Lemma H.3)
Xy —Y
NN 72N -2 (4)

q /2
Spoolcd N

where gﬁoolcd = (§§(+§§)/2 is the pooled estimator of 02 (37). The denominator gpooled\ / % is called the standard

error of the difference between two means.

3.4 Regression Slope T-Test

Let X € RV denote any full-rank matrix with d > 2 and first column 1y (i.e., bias dimension) and let y ~
N (X Wirne, 02 Inxn). Pick any j € {1...d}. Our hypothesis is

Hl : [wtrue]j 7& 0

That is, we hypothesize that the response variable is correlated with the j-th feature. The corresponding null
hypothesis is Hp : [Wirue]; = 0. Under the null hypothesis, we have (Corollary D.18)
S TR (N - d)
(XTX)]
=L €]l

where W = argmin, cge ||y — XwH2 denote the LSE parameter with residuals € = y — Xw. The denominator

T -1
% [|€]] is called the standard error of the slope coefficient.



4 F-Test

In a single-comparison test like z-test or ¢-test, the null hypothesis is of the form a = b which can be violated
as either a > b or a < b. In contrast, many F-tests are multiple-comparison (“omnibus”) tests in which the null
hypothesis is of the form a; = as = - -+ = ax for K > 2 where it does not make sense to make a two-way distinction.
Instead, the test stastistic is designed in such a way that the more violated the null hypothesis is, the bigger the
statistic is. Thus multiple-comparison F-tests are always upper-tailed. A single-comparison F-test (e.g., comparing
two variances) remains two-tailed.

4.1 One-Way ANOVA

Fork=1...K >2,let Yy1...Yin, id N(,uk,aQ) where Ni, > 2 and let Y}, and §]§ denote the sample mean and
variance. Denote the total number of samples by N = Zszl N}, and the “grand mean” by Y = % Eszl Efvz"l Yii i
We may define an unbiased and a biased estimator of o2 called the pooled variance (37) and the between-group
variance (41) (Appendix F):

K Ny
_ 1 _ _
Sgooled “N_K Z Z(Yk,i - Y;)? E [Sgooled] =0’
k=1 i=1
_ 1 K o - | X
Sl%etween = ﬁ Z Nk(Yk - Y)2 E [Sgetween] = 02 + ﬁ Z(/Lk - :U‘)2 (5)
k=1 k=1
Our hypothesis is
Hy @ p; # py for some ¢ # j
The corresponding null hypothesis is Hy : 3 = - -+ = pg. Under the null hypothesis, we have (Corollary F.6)
‘gl%etween
et~ F(K ~ 1N = K) (6)
pooled

where F(dy,dz) is the F-distribution with (dy,ds) degrees of freedom (Appendix H.3). The statistic is always
positive. Importantly, the bigger it is, the more H is violated (5), so the test is upper-tailed. For instance, if K =5
and NV = 20, and the test statistic is 3.29, the upper-tailed p-value is 0.04 corresponding to the shaded area under
F(4,15)

When K = 2. For simplicity assume the same sample size M = N1 = Na. In this case SZ;,con = (M/2)(Y1 —Y2)?
(Lemma K.2) and, using the fact that F(1,d) = 7%(d),

526 ween ?1 — }_/2

7§b2t ~ F(1,2M — 2) & ~T7(2M - 2)

q /2
pooled SPOOIQd M

Thus when K = 2, the one-way ANOVA (6) equivalent to the independent two-sample t-test (4).


https://en.wikipedia.org/wiki/F-distribution#Properties_and_related_distributions

4.2 Equality of Two Variances

Let X;... Xy iri\gij\/(ux,a_%() and Y7 ... Yy irig/\f(uy,ai%) where N, M > 2. Our hypothesis is

Hy: 0% # 0%
The corresponding null hypothesis is Hy : 0% = 0%. Under the null hypothesis, we have (Corollary H.5)
52
X VFN-1,M-1)

Sy

where S% and S2 are sample variances. Since Hy can be violated in either direction 0% > 0% or 0% < 0%, the
test should be two-tailed. For instance, if N = M = 5 and the test statiatic is 0.18, the two-tailed p-value is 0.2
corresponding to the shaded area under F'(4,4)

4.3 Regression F-Test

Let X € RN¥*? denote any full-rank matrix with d > 2 and first column 1y and y ~ N (X Wirue, 02 Inxn). Pick
any @ C {1...d}. Our hypothesis is

H; : There exists some j ¢ Q such that [werue]; # 0.

This can be seen as an omnibus version of the regression slope t-test (Section 3.4) where we hypothesize that the
response variable is correlated with some feature outside (). The corresponding null hypothesis is

Hy: [Wirpel; = 0 for all j & Q.
Let 4 = X X Ty denote the least-squares prediction by the “full” model. For any subset S C {1...d}, we will write

Yg = XsX gy to denote the prediction by a “partial” model using only the columns of X indexed by S. Under
the null hypothesis, we have (Theorem D.15)

|9p — 90" /(P - 1QI)
ly — 9I? /(N — d)

Since this holds for any P D @, we can devise multiple tests for the same hypothesis by varying P. Intuitively, (7)
measures the predictive gain when features in P\Q are added while considering the performance of the full model

~ F(IP|=[Q[,N —d) VPO Q (7)

(e.g., the gain is meaningless if ||y — §||? is huge). The regression F-test is upper-tailed since the bigger the statistic
is, the more violated Hy is. For instance, if N = 100, d = 58, |P| = 30, and |Q| = 10, and the test statistic is 1.596,
the upper-tailed p-value is 0.1 corresponding to the shaded area under F'(20,42)
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A popular application of (7) is “ablating” discrete variables in regression. This is because encoding 4 € {1... K’}
requires K — 1 dimensions (Appendix G), so asking “Does A matter?” requires an omnibus test “Does any of the
K — 1 features generated by A matter?”.



4.3.1 One-way ANOVA (revisited)
Let A€ {1...K}. Our hypothesis is that A is correlated with Y. The full regression model is

1
Y = Wirue |:CA(A):| + ZO.Z ZUZ ~ N(O, 0'2)

where C4(A) € RE~! is an encoding of A. Under the null hypothesis (there is no correlation between A and Y),
(7) holds with @ = {1} and P = {1... K}. Note that the test distribution F(K — 1, N — K) is the same as in the
one-way ANOVA. In fact, (7) and (6) are equivalent under dummy coding (Appendix F.3.1).

4.3.2 Multi-way ANOVA.

The regression view of the one-way ANOVA naturally leads to a multivariate generalization. For instance, let
Ae{l...K} and B € {1...L} (i.e., two-way ANOVA). Our hypothesis considers A, B, or their interaction
A:B € {1... KL}, and claims that it is correlated with Y. The full regression model is

1
Ca(A)
Cp(B)
Ca(A) ® Cp(B)

Y = Wirue + Z,o Zy2 ~ N(0,0%)

where C4(A) € RE~1 and Cp(B) € RE~! are encodings of A, B and C4(A) ® Cg(B) € RE-DE-D s their
kronecker product. Let Za, Zp, Z4.5 denote subsets of dimensions corresponding to A, B, A:B. We can apply (7)
to ablate the impact of A, B, or A:B under the full model. But this requires choosing appropriate subsets @ C P.
For instance, to test the impact of A, we need to select @, P such that P\Q = Z4. There are three standard
“types”.

Ablated variable | Type I Type II Type 111

Ae{l...K} Q={1} Q={1}UZp Q={1}UZpUZ,p
P={1}UZ4 P={1}UZ,UZg P={1}UZAUZgUTZ,p

Be{l...L} Q={1}UZ4 Q={1}UZ4 Q={1}UZsUZ,
PZ{I}UIAUZB PZ{l}UIAUZB PZ{l}UIAUIBUIA:B

ABe{l...KL} | Q={1}UZ,UZIp Q={1}UZoUZp Q={1}UZoUZp
P:{I}UIAUIBUIA:B P:{I}UIAUIBUIA:B P:{I}UIAUIBUIJ\:B

Type I is “sequential” and requires an ordering of variables (here, A — B — A:B). Type II and IIT are “simultane-
ous” (i.e., no ordering necessary) but differ in that Type IT only uses terms of the same or lower interaction order
while Type IIT always sets P to be the full model including higher-order interactions. Caution: Type III requires a
mean-centered encoding of discrete variable (e.g., sum coding when data is balanced, see Appendix G.2.2).2

Balanced data. The good news is that when the data is balanced (i.e., the number of samples for each configu-
ration of discrete variables is the same, see Appendix G.1), type I/II/III produce the same result. Intuitively, this
is because it removes collinearity: knowing about the value of one variable tells nothing about the value of other
variable, so how we define the nested models is irrelevant.

5 Studentized Range Test

Fork=1...K>2let Yi1...Yim id N (px,0?) where M > 2 and let Y}, and 5,3 denote the sample mean and

variance. Our hypothesis is

Hy: p; # pj for some @ # j

2To see why, let Z, Z' be two independent scalar variables. The covariance between Z and ZZ' is
Cov(z,2Z')=E[2?Z'| -E[Z|E[22']| =E[Z?|E[Z'] - E[Z)?E [Z'] = E [Z'] Var (Z)

So even if variables are independent, the covariance between a variable and a higher-order interaction term involving that variable is
nonzero unless the variable has zero mean. Because model @ in Type III uses higher-order interaction terms, it is not a true “subset”
of model P if the encoding is not mean-centered.



The corresponding null hypothesis is Hy : 11 = --- = pug. Under the null hypothesis, we have

K v K5
maxj_, Yy — ming_; Y}

q /2
Spoolcd N
where 52

ooled = (1/K) Zszl 52 is the pooled estimator of o2 (37) and srange(K,v) is the studentized range
distribution with K groups and v degrees of freedom (Appendix H.4). The test is upper tailed since the statistic
is bigger when Hj is more violated. Note that the statistic reduces to (4) in the independent two-sample ¢-test if
K = 2 (with the difference that we consider the absolute difference between the means).

~ srange(K, MK — K) (8)

Tukey’s range test. A notable aspect of (8) is that the numerator considers the absolute difference between a

pair of means, even though the test itself is an omnibus test. This allows for a pairwise comparison test known as

Tukey’s range test in which we compute
Vi - Y

gpooled %

Vi<k<I<K (9)

where WLOG we assume Y; < --- < Y. We reject that Y, =Y, if (9) is larger than the critical value at a given
significance level «, where the critical value is computed using (8). This trick allows us to test multiple hypotheses

(namely H fk’l) s g #  for k < 1) without increasing the familiy-wise error rate (Appendix A). In constrast with
the Bonferroni correction which divides a by the number of hypotheses, Tukey’s range test uses the same «, so it
is more statistically powerful when the number of hypotheses is large (as is the case in all pairwise comparisons).

6 TODO: Chi-Square Tests

7 Non-Parametric Tests

Most of the tests assume normality. While we can invoke the CLT to argue that this assumption is benign when
the sample size is nontrivial, it is possible to devise non-parameteric tests that make no assumption on the type
of the data distribution.

7.1 Wilcoxon Signed-Rank Test

This is a non-parametric version of the paired two-sample t-test (Section 3.2). Let (X1,Y1)...(Xn,Yy) € R? be
N iid pairs of random variable such that X; —Y; ~ Sym(u) where Sym(p) is some symmetric distribution over R
centered at p. Our hypothesis is

Hy: p#0
The corresponding null hypothesis is Hg : 4 = 0. Let N’ < N denote the number of samples such that X; # Y;.
Under the null hypothesis, we have
N
W= Y sign(X;—Y)R; ~ Wilcoxon(N')
i=1: X, 2Y;
where sign : R — {+£1} is the sign function, R; € N is the rank of |X; —Y;| from smallest to largest, and
Wilcoxon(v) is some complex distribution with parameter v (centered at zero). Since Hy can be violated by either
>0 or p <0, the test is two-tailed. For instance, with N’ = 10, the lower and upper critical values at o = 0.05
are 8 and 47, so we reject Hy if W < 8 or W > 47. When N’ > 20, W is approximately normally distributed by the

CLT, so we may standardize it and use the standard normal distribution instead. While the Wilcoxon signed-rank
test doesn’t require normality, it is statistically weaker than the paired t¢-test.

8 Discussions

8.1 Practical Issues

Significance level. The significance level is almost always fixed to be a = 0.05. That is, we are usually content
with a 5% chance of accepting a false Hj.



Software. In practice we never compute these statistics by hand. Instead we use software like R or statsmodels
(for Python). We design an alternative hypothesis a priori (and never change it after the test a posteriori!), choose
an appropriate test, then feed our data to a function that executes the test.

Single hypothesis. If we compare a single pair of means, we can use the paired t-test. We can also use the
Wilcoxon signed-rank test if we want to be conservative.

Multiple hypotheses. If we have multiple pairwise comparisons, we want to correct for the FWER to avoid
accepting some false hypothesis. We can use either the paired ¢-test with the Bonferroni correction (i.e., divide «
by the number of hypotheses, then conduct each test separately) or the Tukey’s range test. The latter is preferred
if we are doing all-pair comparisons among many distributions since the Bonferroni correction becomes statistically
weak with too many hypotheses.

Omnibus tests followed by post-hoc tests. We can consider a two-stage test procedure in which we first
show that there exists a pair of means that differ under multiple populations through ANOVA, then follow up with
the Tukey’s range test as a post-hoc test to identify which means differ. The benefit of doing this instead of just
applying Tukey immediately is that we can specify a more detailed model in ANOVA which may also have more
statistical power (but this seems a bit controversial). For instance, Ehud Reiter proposes to first check if there’s
any difference between systems for text generation by a three-way ANOVA where the full model is, in the formula
language for specifying a regression model,

Likert ~ Subject * Scenario * System

Here, Likert € R is the Likert score assigned on the text from System € {1...K} by Subject € {1...L} (ie.,
human annotator) in a certain Scenario € {1...G}, and * denotes full interactions (so there will be 3 second-
order interaction variables and 1 third-order interaction variable) under some discrete-variable encoding. We may
start with all-way interactions and gradually remove higher order interactions that are not significant according to
ANOVA to arrive at a final model that only retains significant interactions, for instance

Likert ~ Subject + Scenario + System + System:Subject

where System:Subject € {1... KL} denotes a pairwise interaction. If the means of System differ according to the
final model, then we use Tukey to make all K (K — 1)/2 pairwise comparisons to find which systems differ.

Useful resources.

e Tutorial by Python for Data Science: This shows how to conduct a multi-way ANOVA test and a post-hoc
test in Python.

e Blog post by Mattan S. Ben-Shachar: This gives more details of the different types of ANOVA and how to
replicate them by hand.
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A Multiple Hypotheses

Often we need to test multiple hypotheses simultaneously. For instance, for i = 1...m we may claim
Hl(i) QT NC)

for some parameters (9, (") based on samples from their distributions. We test each hypothesis with significance
level a(?). The family-wise error rate (FWER) is defined as the probability of incorrectly accepting some false
hypothesis. As m increases, the FWER increases.? Thus we need to control for FWER if we wish to avoid accepting
some false hypothesis. A simplest approach is called the Bonferroni correction which upper bounds the FWER
by the union bound:

m

m
FWER = Pr(3i € {1...m} : H{" is falsely rejected) < Z Pr(H{" is falsely rejected) = Z a®
i=1 i=1

This means that to ensure FWER < «, we can set a?) = o /m. However, the union bound can be loose and the
test is statistically weak if m is large (i.e., we may fail to reject many false Hél)).

B Hypothesis Tests and Confidence Intervals

We can express a hypothesis test as an equivalent statement about a confidence interval (CI). A CI for the parameter
6 (mostly the mean) of a distribution with confidence ~ is a random interval I, that traps 6 with probability ~.
For instance, a CI for the mean of Z,, ~ N (u,0) with v = 0.95 is I)9 = [Z,, £ 1.96] since

Pr(—1.96 < Zy < 1.96) = 1 — 28(—1.96) = 0.95 & Pr(Z, —1.96 < u < Z, +1.96) = 0.95

where we use the fact that Z,, = p+ Z,. Note that other choices are possible (e.g., assymetric or segmented), but
this is the most “natural” choice of CI for trapping the mean of a symmetric distribution. Each sample z, of Z,
yields a sample 70,9 = [z, 4+ 1.96] of I);%°. For any fi € R, we reject the hypothesis = fi iff i ¢ i%,%. A sample
yields a range of hypotheses to reject. For instance, if z, = 2.03, we have i;? = [0.07,3.99] and reject p = ji for
all £ <0.07 and 2 > 3.99. The criterion for rejecting ;= 0 can be written as

0 iy & 0 ¢ [2, + 1.96]
& 2y, € (—o00,—1.96) U (1.96, c0)
& Zu € K0.05

The last expression is exactly the rejection rule for the null hypothesis ¢ = 0 with significance level a = 0.05. More
generally, the correspondence between the two-tailed test in Section 1 and a CI is

reject p =0 iff 2, € K, & reject =0 iff 0 4,

B.1 Common Symmetric Form

A common situation is we have N iid random variables X; ... Xy € R from an unknown distribution with mean p,
and for some scaled standard deviation estimate S > 0 we have

Xy —p

5 ~ Sym

where X = (1/N) Zfil X,; and Sym is a known symmetric distribution centered at 0. In this case

X —
Pr(—Fs—;m@—‘;)gNS"SFS—;m(l—;‘))=1—a

3For instance, if each hypothesis is independent then

FWER =1— (1 —a®)™

where (1 — o)™ is the probability of making no error in m tests.
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(1 — %) is the upper critical value for Sym at

significance level . (We could also use —Fg ! (a/2) by the symmetry of the distribution.) Thus a (1 — a)-CI for
1 is given by

where Fg;m(v) is the quantile function of Sym.* Note that Fsym

Pr(ue[XNﬁ:Fsylm< —3)\%}):1—a (10)

For instance, if X; ... Xy ~ N (i,02), then Xy ~ N (i1,0%/N) and thus f;v\;ﬁ“ ~ N(0,1). In this case

Pr (u € [XN + Fivton (1-5) \/JJVD —1-a (11)

T(N — 1) where

where we can get the value of F| ./\/(O 1)( ) from the z-table. Similarly, we also know that / f

Sy is the sample standard deviation (Lemma H.2), thus

Pr< [XNiF(N )<1—;‘)_JZ\QD:1—a (12)

where we can get the value of FT_(}V_l)(’y) from the ¢-table.

B.1.1 Estimation

Given iid samples X; ... Xy from an unknown distribution Unk(u,0?) with mean p and variance o2, how we
estimate [ ;_O‘ depends on what assumptions we make.

2

e Normal, known variance. If Unk(yu,02) = N(u,0?) and we know o2, we can calculate the exact [Xy =+

FN(o 1) (1-3%) %] in (11).

e Normal, unknown variance. If Unk(u,0?) = N (i, 0%) and we don’t know o2
Y -1 a) S :
[Xn £ F vy (1= %) 55 in (12).

, we can calculate the exact

2

e Known variance. If we know o2 and N is large enough, we can use [Xy + FA_[%O y(1-3) | in (11) as

an approximation. By the CLT, X is approximately distributed as Ay, %2) as N — oo no matter what the

underlying distribution of X; is, so ;\’ \/ﬁ is approximately distributed as A(0, 1).

Unknown variance. If we don’t know o2

, we can get the sample estimate Sy and use [Xy+F, ! (1 — §) %]
Should p be N(0,1) or 7(N — 1)? If N is large it doesn’t matter. Since Sy 2 o by the law of large numbers
and Xy S Zﬂ -2~ N(u, %2) by the CLT, by Slutsky’s theorem (Theorem C.1)

N

AR SVTRY

SN/\/> o/VN

so we can use p = N (0, 1). But 7(N—1) converges to N'(0,1) as N — oo so we could also just use p = 7(N —1).
But a typical choice is p = 7(N — 1) (especially for small N) since it has the benefit of incorporating the
uncertainty due to finite sample size.

e Unknown variance (bootstrap). If we don’t know o2, there is another way of constructing a CI called
bootstraipping that doesn’t appealing to the CLT and is more flexible (e.g., it can handle statistics other than
the mean like the median more easily). The idea is to “pretend Xy is p” and draw B samples XY XE of

X from the empirical distribution.® This way we have the ability to simulate the distribution of X N — X' N~
X~ — p, and this information is all we need to estimate a CIL.

4 Recall that for any distle?ution p, the quantile function Fp_1 is the mapping v — x~ such that Pry~p(z < z4) = 1.
5 More specifically, each X}, is computed by drawing N iid samples from Unif(X ... Xx) with replacement and averaging them. It
is important that we use the same sample size N to preserve the variance of the statistic.
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We can also use non-asymptotic bounds to establish “loose” Cls. If Unk(u,0?) is almost surely bounded in [a, b]
(i.e., Pr(X; € [a,b]) = 1) Hoeflding’s inequality gives us

2 2
Pr(|XN—u|>6)S2exp<—i]X€a> & Pr (1 € P_(N:l:E])Zl—QeXp<—12)N€ >

—a

While this generally applies to any (a.s. bounded) distribution without appealing to the CLT, it can be loose (note
the inequality instead of equality).b

C Convergence of Random Variables

Let Yy,Y € R? denote random vectors. Here Y can be constant (i.e., follows a point-mass distribution). We say
Yy converges to Y as N — oo if any of the following is true.

e Convergence in distribution. Yy % Y means limy_, oo CDFy, (y) = CDFy(y) for all continuity points
approx.

y e R¢ of CDFy. In this note, we also write Yy~ PDFy as N — oo.
e Convergence in probability. Yy % Y means limpy_, oo Pr(||[Yn — Y]] >€) =0 for all e > 0.

e Almost sure convergence. Yy 22 Y means Pr(imy_o Yy =Y) = 1. We also say “Yy converges to Y
with probability 1”. This is the strongest form of convergence.

For instance, let X; ... Xy € R? denote iid random vectors with mean e R? and covariance ¥ € R%d. Define
Xy = + Zf\il X; and Yy = VNI~ Y2(Xy — p). Let Y € R? be distributed as N (0g, Iyxq). We have”

Yy 5Y (CLT)
Xy B (weak law of large numbers)
Xy p (strong law of large numbers)

We also have Xy %y since Xy PR N (u, +%) as N — co. In general,
Wiy = w3y
YWy = vwbiy
Some properties of convergence we will use are as follows:

e Continuous mapping theorem. A continuous function f : R? — RY preserves convergence of any type.
More generally, if f has discontinuity points S C R? satisfying Pr(Y € S) =0

Yv =Y = f(Yn) = f(Y) (13)
o If Y} € R is an additional random variable and y € RY is a constant vector
Yy 5Y, Vi Sy = (YY) S (V) (14)

SEven for an unbounded distribution we can derive a similar bound by using the knowledge of the distribution and variance. For
instance, if Unk(u,0?) = N(u,02) and o2 is known we can use the fact that Pr(| Xy — p| > €) < 2exp(—Ne2/(202)) (see Section 1.2
= 2
Xy £ 210g:|> >1—«a

of this note) and have
o
Pr €
<“ a VN

which is the same as the true CI in (11) except that we replace F/\_/%O,l) (1- %) with 4/2log % (hence loose).

"The distinction between the weak vs large law of large numbers is mostly theoretical. The weak law considers the limit of a
probability and is an immediate consequence of Hoeffding’s inequality. The strong law considers the probability of a limit and requires
tools of measure theory to prove it.
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o If Y} € R” is an additional random variable,

Y2V, Y BY = (YaYH) DY) (15)

The limiting properties can be unintuitive and require great care (see here for a list). For instance, if Y’ is a random
variable with nonzero variance, in general

YwSY, Y5y A (YY) S (Y

whereas a similar statement (15) holds when the convergence is in probability. Note that there is no restriction on
Y or Y’ to be non-constant. In particular, (15) implies that for constants y € R? and 3’ € R,

Wby, Yo 5y = (YaYh) D (YY) (16)
Yw By YL 5Y = (YnY) 5 @Y) (17)
Yw by YvSy = (YY)D wy) (18)

Theorem C.1 (Slutsky’s theorem). Let Yn,Y%,Y € R be random variables satisfying Yy %Y and Y}, By for
some constant 3’ € R. Then

YN+ Y SV 4y YnYh 59y
If y' # 0, we also have Yy /Y}; A Y/y'

Proof. By the premise and (14) we have (Yn, YY) S (Y,y'). Since (y,y") —y+v, (v,v) =y xy, (y,¢) = y/y
are continuous mappings the theorem follows from (13). O

Theorem C.2 (Slutsky’s theorem, convergence in probability). Let Y, Y3, Y € R be random variables satisfying
Yy &Y and Y}, % ¢/ for some constant ¢ € R. Then

Yn+YE DY+ YWY By
If 3 # 0, we also have Yy /Y% 5 Y/y'.
Proof. By the premise and (16) we have (Ya, Y%) 2 (Y,%/). Since (v,y/) = y+v, (0, v') =y x v, (4, v') — y/y'

are continuous mappings the theorem follows from (13). O

D Error Decomposition

Error decomposition refers to expressing a loss function in smaller pieces to shed insight on what it takes to minimize
it. It typically involves a squared error (so regression) and a trick to use the Pythagorean theorem to simplify the
expression. For instance, if f is the parameter estimate using data s and § = Es~dats[0s], the expected squared
norm of the difference between the “best” parameter * and 6, can be written as

E [l -6l = |

s~datg H* _éHQ +s~c];:‘lat |:||é_95H2:|
N———— s

bias/approximation error
variance/estimation error

This is useful because it tells us that for the estimator 65 to be successful in recovering 6* (in squared norm of
the difference), it has to have both of the two properties: (1) 6 ~ 6* if given enough data, and (2) the estimate
shouldn’t fluctuate wildly. Error decomposition is studied in specific contexts and it can feel a bit all over the place,
so here’s a compilation of some well-known results.
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D.1 Bias-Variance Tradeoff for the Mean Squared Error

Let popyy denote a joint distribution over (z,y) € R? x R. The mean squared error (MSE) of a regressor
f:R% = R is defined as

MSE(f) = E [(y = f(2))?] (19)

(z,y)~popxy
Lemma D.1. The unique minimizer of MSE (19) is given by
ff(x):= E [y] Ve € RY

prOpY\X("I)

Proof. Define J : R — R by

J(z) = E [(y — 2)2]

yNPOPy|x("z)

We have J'(z) = —2(f*(x) — z) and J"(z) = 2 > 0, so it is uniquely minimized by z = f*(x). The statement follows
from the observsation MSE(f) = Ez~pop [/ (f(2))]. O

Denote the smallest achievable MSE by®

€min ‘= E [(y - f* (x))z}
(z,y)~popxy
Let A denote a learning algorithm that yields a regressor f : RY — R given a (finite) training dataset s. Let
f4 R = R denote an average regressor from A with respect to some distribution datg over training datasets,
that is

A=) = E [fA=)] Ve € R?
s~datg
Theorem D.2.
E MSE A —_ min E * _ A 2 V A
JECDMSEGD] =+ B (@)~ @)%+ Var (f()
irreducible error squared bias

variance

Proof. By Lemma K.1, we can write

VB MSEGD) = B[S @R+ B @) - S @)?]

where the first term is ep;,. We further break down the second term as follows:

JE @@y = B (@ @+ B[ @) - £@)]

where the cross product term disappears since

E [(f*(2) = @) (@) = fH@)] = (f @) = fA2) B [(f) - fi(2)] =0

s~datg s~datg

O

If A is a consistent estimator of the optimal regressor, the bias term vanishes and we have a simpler decomposition
consisting of only the estimation error (plus €pin):

B, M) =t B | Var (720)] (20)

s~datg r~popyx |s~datg

8 A common assumption in regression is that y = g(x) +z where g : R* — R is the ground-truth mapping and z ~ v is a random noise
with mean zero (“white”) and variance o2. Under this assumption we have epin = 02 and f* = g (since f*(2) = E.~v[g(z)+2] = g(x)).
But we don’t need this assumption for the following result.

14



D.2 MSE decomposition for linear regression

Consider MSE (19) for linear regression. Let

MSEji, (w) := E [(y —w'z)?] (21)
(z,y)~popxy

For simplicity, assume that the second moment of z ~ popy is positive definite.

Lemma D.3. The unique minimizer of MSEy;, (21) is given by

w := E [:ch] - E [yx]
T~popx (z,y)~popPxy

Proof. Denoting the RHS of (21) as a function J : RY — R of w, we have
VJ(w) = -2 E [yz — xxTw}
(z,y)~popxy
V2J(w)=2 E [xx—r} =0

T~POPp x

where the Hessian is positive definite by premise. Thus the unique minimizer is the stationary point w* satisfying
VJ(w*) = 0 which is

w* = E [xm—r]_l E [yz]
T~Ppop x (z,y)~Pop xy
O
Lemma D.4. For any A € R"™*¢,
E [(y - (w*)Ta?)Aa:] =0,
(ZI/’A,y)NpOpXY
Proof.
B [(y = (w") @) Az] = E Azy — Azz" E  [zz7] - E [y
(z,y)~pPoPxy (z,y)~POP xy c~popy s
=A E oyl -A B [z2"] B [wa’] E [ya]
(@.y)~PoPxy z~~popx T~POPx (z,y)~poPxy
O

Corollary D.5. If 2; = 1 for all z ~ popy, then E, ,)~pop, [V — (w*)Tz] = 0. In particular, (w*, ux) = uy
where px € R and py € R are the population means of input and label.

Proof. The statement follows from Lemma D.4 with A = [1,0,...,0] € R1*<. O
Corollary D.6. If z; = 1 for all  ~ popy, then for any A € R™*4,
Cor (y — (w*) "z, [Az];) =0 Vie{l...m}

(z,y)~pPopPxy

Proof. Since Cor (X,Y) = Cov (X,Y) /ox /oy, it is sufficient to show Cov (y — (w*) "z, [Az];) = 0.

Cov (y — (’LU*)TZ‘, [Aa:]j) = E (y— (w*)Ta?)[Ax]j] — E [y — (w*)Ta?] E [[Az];]
(z,y)~popxy (z,y)~popxy (z,y)~pop xy T~pOp
= E [(y — (w*) "z)[Ax];] (Corollary D.5)
(z,y)~pPoPxy
=0 (Lemma D.4)
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Remark. Corollary D.6 says the error of the optimal linear regressor w* is uncorrelated with (every dimension of)
any linear transformation of the input. For instance, if we draw many samples (z,y) ~ pop xy and plot the errors
of w*, we will see no linear dependence between the input values and the error values. However, this does not mean
that the errors are independent of the input values.

Theorem D.7. For any w € R?,

MSEjis(w) = MSEjim(w*) + E  [(w*) 'z —w'2)?] (22)
T~POP x
Proof.
MSEjin (w) = E [(y — wa)Q]
(z,y)~PopPxy
= E (y— ()2’ + E [(w)'z-w'z)]
(z,y)~pPopxy z~pop x
+2 E Yy — (w*)Tx)((w*)Ta:—wa)}
(z,y)~PoPxy
The first term is MSEyj;, (w*). The last term is zero by Lemma D.4. O

Let wy € R? denotes the parameter trained on a (finite) dataset s ~ datg. Using w, in (22) and taking an
expectation over s, we have

E  [MSEi(w,)] = MSEm(w*) + E  [(w") 2 —w] )] (23)
s~datg —_——— s~datg

approximation error £ VPOPx

estimation error

which shows the tradeoff between how much we lose by restricting ourselves to linear models (approximation) and
how easy it is to estimate the best one (estimation). We can further break down the estimation error into bias and
variance

E NT e — wl x)? — E T o =T ,..\2 AV T
s~datg [((w ) v Ws :E> ] T~POP x ((w ) x w x) + SNd%a’Il‘;S (wS .'I/')
T~POPp x

where @ = Esodats[ws]. Thus (23) can be seen as a special case of Theorem D.2 for linear regression with the
irreducible error €pin = MSEj, (w*).

D.3 Sum of Squared Errors for Least-Squares Linear Regression

A linear regressor with parameter w € R? defines a mapping R? — R by

d

fuw(z) = w'e =w + Zwixi

=2

where we adopt the convention that x; = 1 so that we don’t have to introduce a separate bias parameter. Let
X € RV*4 denote N inputs as rows and y € RY their corresponding targets.” For any subset P C {1...d} we will
write X p € RVXIPl to denote the corresponding columns of X. The least squares estimation (LSE) of w is

Wy = argmin [ly — Xw|]® = X1y (24)
weR?

where X € RV is a pseudo-inverse of X. The last term is the unique solution of the optimization problem, so
we will equate @y = X Ty. Let § = Xy and € = y — ¢ denote the predictions and errors (aka. residuals) of LSE
on the N inputs. A characterizing property of LSE is that for any A € R™*¢

(XA Te=AXT(y - XX Ty)
=AX "(Inxny — XX )y
=0 (25)

9We use boldface to denote vectors/matrices of sample size, to prevent confusion with random variables and scalars like X and y in
other sections.
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because Inxny — X X is the orthogonal projection onto null(X T). Thus the LSE residuals are uncorrelated with
any linear transformation of the training data (Lemma D.4 gives an infinite-sample version of this statement). In
particular,

e For any P C {1...d} with |P|=p

Using P = {1} gives the well-known property of LSE that the errors are uncorrelated with the input: 1& = 0.

o If yU 42 € RN are any predictions by linear regressors on X

(¥ —y®)Te=0 (26)

Let §p € RY denote LSE predictions using only X p (aka. partial LSE). Applying (26) we have

~ 2 ~A112 ~ A~ 2
lly — ypl| = | €]] + |19 — Upll (27)
— S~~~ —

total sum of squares (TSS) residual sum of squares (RSS)  explained sum of squares (ESS)

which expresses the variation between y and yp (TSS) as the sum of the variation between y and ¢ (RSS) and the
variation between ¢ and §p (ESS). A well-known special case is given with P = {1}

— 112 A 112 ~ — 112
ly—9ll" =y -9l + g — 9l (28)

where g, = (1/N) Zfil y; is the average target value. RSS, ESS, and TSS play a central role in regression analysis.
The following technical lemma will be useful.

Lemma D.8. Let X € RV*? be a full-rank matrix with the first column of 15. Let Q C P C {1...d} with
|Q| = g and |P| = p. Then

Inun = (Inxy — XX )+ (XXT - XpX7) + (XPX;S - XQXZ)) +X X))

Ax B% cbe
X

is a subspace decomposition of RV (Lemma J.3) where Ax, B%, C;;’Q, and XQXg are orthogonal projections
with rank N — d, d — p, p — q, and ¢q. Furthermore, given targets y € R, if & denotes the LSE predictions using
all columns of X with residuals € = y — ¢ and ¢ p denotes the LSE predictions using only the columns P of X
(similarly for @), then

lel* =y Axy (RSS) (29)

19— 9plI” =y Bxy (ESS) (30)
ly—9pll?=y" (Ivxy — XpX})y (TSS) (31)
lor — 0l = y"Ck% (32)

In the lemma we have introduced @ C P for generality. We may choose Q = @ and have Inxny = Ax+B{+Xp XJIS
with ranks N — d, d — p, and p. Also note that BY = C;VXN,P'
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D.3.1 Distributional Properties of LSE

Assumption D.1. Let X ~ popy denote a d-dimensional random vector where d > 2 and X; = 1. Assume the
second moment E [XXT} € R¥ ig invertible.'” Let wiue € R, Z,2 ~ N(0,0?), and

Y = wigeX + Zye
= [wtrue]l + [wtrue]2X2 +-+ [wtrue]dXd + Z<72

Let (z1,1) ... (zn,yn) € R? x R denote iid samples of (X,Y) where N > d. Let X = (2] ...2}) € RV*? and
y = (y1...yn) € RY. For simplicity we assume X is full-rank.'’ We denote the LSE parameter by @y = X Ty,
the residual by € = y — Xy, and the error vector by € = y — X Wyye-

Lemma D.9. Under Assumption D.1, @y € R¢ is independent of € € RY.
Proof. Since y ~ N (X Wirue, 02 Inxn), Wy = X Ty, € = (Inxy — XX )y, and
(XN Inxn)Inxy — XX )T =0?(XT = XTXXY) = 0gxn
wy and € are independent by Lemma I.3. O
Lemma D.10. Under Assumption D.1,

é~N (0y,0°Ax)

Proof. Since Ax is the orthogonal projection onto range (X)J‘,

é = AXy ~ N(Awatrue,UQAxA}) = N(ON70'2Ax)

Lemma D.11. Under Assumption D.1,

Proof. By the quadratic form of the RSS (29),

||é-H2 _ yTAXy — (thrue)TAX(thrue) + eTAXe

o2 o2 o2 o2

Ax is the orthogonal projection onto range (X )L with rank NV —d. Thus the first term is zero and the second term
is distributed as x2(IN — d) since € ~ N (On, 0?Inxn) (Lemma J.4). O

Corollary D.12. Under Assumption D.1, 0% = E {Héﬂz} /(N —d).
Lemma D.13. Under Assumption D.1, if @ C P C {1...d} are any nested subsets with sizes ¢ < p,

P

RIE T AP,
L’yQH ~ X2 <p —q, wg;ueX CXQthrue>

o2 o2

10This is equivalent to assuming that the d x d matrix

1 E[X;] ... E[XJ]
E[X;] E[X] ... BE[XX
E[xxT]=| . : _ :
E(X] E[X;X] ... E[XZ]

has full rank. This is satisfied if features are not redundant. In particular, this is not the same as assuming an invertible covariance
matrix Cxx = E[XXT] - E[X]E [X]" which would be impossible (since the first column/row is zero).
HThis is always possible for a sufficiently large N, otherwise rank (E [XXT]) <d.
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Proof. By the quadratic form (32),

TC;Qy

l9r —doll” _ v

2 2

g g

Since y ~ N (thrue, O'QINX]V) and (C;Q/O‘2)(0‘21N><N) = C;Q is idempotent with rank p — ¢ (Lemma D.8), by
Lemma H.1 we have the statement. O

Assumption D.2. Assume the same setting in Assumption D.1 where we have the ground-truth model ¥ =
WX + Zy2. Let Q € P C {1...d} with sizes ¢ < p, and assume that

[wtruc]i =0 Vi ¢ Q
(In particular, if @ = {1} then Y is independent of X.)
Corollary D.14. Under Assumption D.2,

N ~ 2
7t 711 UQyQH ~xX*(p—q)

Proof. We only need to show that thrueXTC;Qthme = 0 (Lemma D.13). Since [wirue); = 0 for ¢ ¢ Q and
@ C P, we have

P, P, + +
CVXQ)(U)‘Wue = CVXQ)(QUJ{Qrue = (XPXP - XQXQ) Xngue = XQw‘gue - Xngue = ON

where w®, . € RY is a subvector of Wirue € RY indexed by Q. O

true

Theorem D.15. Under Assumption D.2,

lop — 90> /(0 —q)
lel|* /(N — d)

~F(p—q,N —d)

Proof. We have

lgr —doll" /0 —0) _ loe—sall’ 5
B %ﬁmN—w

where M is distributed as x%(p — ¢) (Corollary D.14) and €] 2 is distributed as x?(N — d) (Lemma D.11).
It remains to show that they are independent. With the quadratic forms (29) and (32), this is equivalent to showing
that yTAXy and yTCX’Qy are independent where y ~ N (thme,a INxN). This follows from Craig’s theorem

(Theorem 1.2) since Ax (02]N><N) C’;’Q = JQAXC’;Q = Onxn (Lemma D.8). O

Lemma D.16. Under Assumption D.1, conditioning on any X,

N
Wy NN(wtrue,az (X X) )

Proof. Since € ~ N (On,0?Inxn),
’IIJN = X+y = X+thrue + X+€ = Wirue T+ X+€ ~ N<wtruea 02X+(X+)T> (33)
where X T(X )T = (X" X)"' X' X(X'X) ' =(X"X)"L. O

Lemma D.17. Under Assumption D.1, as N — oo

2

~ approx. g
wN ~ N (wtru67 T

~E [XXT]_1>
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Corollary D.18. Under Assumption D.1, conditioning on any X we have

T xv\—1
[IZ)N] ) [wtrue] j (X X) iJ (A
# ~T7(N —d) 8j = Ni—d“ |I€]] (34)
for each j =1...d (s; is known as the standard error of [Wn];).
Proof. Rewrite
A . T x\—1
[on]; = [weruel; _ by — [wennel; OV E XD
Sj o (XTX)j—Jl Sj

where [2rli—[Wuuely N(0,1) by Lemma D.17. The second term is rewritten as

o\ /(XTX); ]

0\/(XTX);} 2(XTX); N-d  [N-d
Sj S? 3?02()](\]‘;;);]1_ ||é||2/‘72

where [|€]|* /o2 ~ x2(N — d) (Lemma D.11). This is independent of % conditioning on X since & and

wy are independent (Lemma D.9). Thus W ~7(T —d) (46). O

One use of Corollary D.18 is establishing confidence intervals. By (10), we have with probability 1 — p (assuming
large enough N)

[Wrne]j € [[wN]j +F N o (1 - g) sj]

E Simple Linear Regression

In simple linear regression, we consider Assumption D.1 with d = 2 but with an explicit bias parameter rather
than assuming a constant feature dimension. Specifically, the model assumes Z,> ~ N(0,0?) for some constant
02 > 0 and defines

Y =a+BX + Z,e

where X ~ popy is a scalar random variable with Var (X) > 0.'2 Let (z1,v1)...(zn,yn) € R x R denote iid
samples of (X,Y). The least-squares estimator is

N
(Gn, By) = argmin Y (y; — a — Bx;)? (35)
(a,B)€R? T

Of course this is a special case of (24) so the solution can be obtained by taking the pseudo-inverse of the data
matrix augmented with a constant dimension. But the utility of considering simple linear regression is that we can
derive a very explicit analytical solution. Denote the sample mean, the sample variance, and the sample correlation
coefficient between X and Y by

N N N _ _
_ 1 . 1 _ . i1 (Wi —Un) (2 — TN
xN:NZl’i U?(,N: N_lz(xi—fUN)Q TXY,N = E: il i ~ )
i=1 =1 \/21':1(-"51' _fN)\/Z¢:1(yi _gN)
1< -
- L ) 22 =32
Yn = N ;yz Jy,N 4N— 1 i:1(y2 yN)

12The condition that Var (X) > 0 follows from the condition that the second moment of (1,X) is invertible in Assumption D.1.

Otherwise, E [X?] = E[X]? and
olld0 ¥ =lep i) = lem mixe)

is not invertible.
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Lemma E.1.

N _ ~
By = Zi:l(% ~Iw)l@i — ) ay =N — Bnan

>z (T —ZN)?

Note that B N = xy.n(Oy,n/0x n). Thus the least-squares slope is proportional to the correlation coefficient and
the ratio of standard deviations. If Y varies more than X, the slope becomes steeper to account for the uncertainty.'?

Lemma E.2. In simple linear regression, as N — oo

5  approx. o? ~ _ approx. o’E [Xﬂ
v~ N<ﬁ’NVar(X)) an- N<a’NVar(X)

Proof. By Lemma D.17, as N — oo

OAZN approx. (0%
a] e (3]

The matrix inverse is

[1 E[X]}lzl[E[Xﬂ —E[X]]: \i[r);]) _vgr[ﬁ)
E[X] E[XQ] E[X2]—E[X]2 —-E[X] 1 E[X] 1

T Var(X) Var(X)

F Multiple Populations With Equal Variance

Let pop; (ji1,0?)...popg (ix,c?) denote distributions with means p; ... ux € R and equal variance o2 € R. For
each k =1... K, assuming Nj > 2 define'*

iid "
Yii--Yin, ~ popy(pr,o?) (N}, iid samples) (36)
Ny,
— 1 .
Yi=— Z Yi i (sample mean of the k-th population)
Neim
1 &
S = _— Z(Y’” —Y3)? (sample variance of the k-th population)
N —1 =

The mean and variance of each Y;, are given by

_ 1
E[Y:] = EZM =
=1

2

_ 1 1 Al 1 & o
Var (Yk;) = Var <Jv,k Z Yk)i) = @Var (Z Yk;)i) = N7]3 ZV&I‘ (Ykﬂ,) = Fk,
i=1 i=1

=1

131n fact, 7xv,N is precisely the slope of the line through the origin that relates whitened X to whitened predictions by the LSE. For
any x € R, let g = an + BNa: denote the LSE prediction. Then
Yy — YN T—IN

- =PxYy,N X —
OY,N OX,N

14We name our random variables as Y’s here for a connection to regression later.
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F.1 Pooled Variance Estimator

The pooled variance is an unbiased estimator of o2 defined as

32 _ S (N —1)8? _ S SN (Vi — Yi)?
pooled N _ K NI

(37)

where N = 3% | Nj. Check that S ootea = (1/K) SOr 82 is just the average if the sample sizes are the same.

Lemma F.1. giooled an (1) unbiased and (2) minimum-variance estimator of o2.

F.2 Total, Within-Group, and Between-Group Sum of Squares

We may define the grand mean of all N := Zszl N}, samples:

_ 1 K Ng K Nk—
IS POOMCEDIE 2L
k=1 1:=1 k=1

_ K N
E[Y] = Z S =
k=1 N
K K K
Nk o N2 0'2 ]\f;.CO'2 0’2
Var (¥) = Var (ZN k) = N LN =W
k=1 k=1 k=1
Lemma F.2.
K Ny K N B K -
Z (Yii — V)% = Z Z(Yk,i — V)2 + ZNk(Yk —Y)?
k=11i=1 k=11i=1 k=1
Qrotal Qwithin Qbetween

Lemma F.3.
K
E [Qtotal] = (N - 1)0'2 + Z(Uk - N)z
k=1
E [Quithin] = (N — K)o?

K
E [Qbetween} = (K - 1)02 + Z(Mk - /’L)Q
k=1

This yields an interesting variance estimator that we call between-group variance, defined as

Q 1 K
§2 _ between _ 2 : N.(Yi — V)2
between K—1 K—1 — k( k )

Note that E [SZ.een] = 0% + 77 ZkK:1(Nk —w)? > 02 by (40), thus S?
i = — .

etween

F.3 Emergence of the F-Statistic

(41)

is an unbiased estimator of o2 only

The current setting, multiple populations popy (ux,0?) with equal variance, induces random variables suitable for

hypothesis testing under additional assumptions.

Assumption F.1 (Normality). popy(ix,o?) = N (ux,0?)
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Assumption F.2 (Equal mean). pq =+ = ug = @

Lemma F.4. Under Assumption F.1

N-K_ 1 L _
?Sgoolcd = ; ZZ(YIC,Z - Yk)2 ~ Xz(N - K)
k=11i=1

Proof. Under normality, this is a sum of K independent W), = 2 Z&I(YM —Y3)?2 ~ X3(N, — 1) (45). By the

K3

additivity of chi-square (43), Zle Wi ~ x2(N — K). O

Lemma F.5. Under Assumptions F.1 and F.2,

K—1z 1 ¢ Vo2 2
TSbctwccn = ?ZN]C(YK‘_Y) ~X (K—l)
k=1
Proof. From Lemma F.2
1 K Ny 1 K Ng 1 K
= YVii—Y)? == YVii —Ye)2 4+ = ) Ni(Yp —Y)?
IR

Since the means are the same, the LHS is distributed as x?(IN — 1). By Lemma F.4 the first term on the RHS is
distributed as x?(N — K). Finally, we claim that the two terms on the RHS are independent as follows. The first
term consists of the (scaled) sample variance g,z of each group k =1... K. §,§ is independent of Y; for | # k by
premise, and also of Y}, under normality (Theorem I.1). Tt follows that S? is independent of ¥ which is a linear
combination of Y; ... Yk . By the subtractivity of the chi-square distribution (44), we conclude that the second term
on the RHS is distributed as x?(K — 1). O

Corollary F.6. Under Assumptions F.1 and F.2,

52
“between | F(K -1, N — K)
52
pooled
Proof.
glz)etween _ Kgglggetween/(K - 1)
Sgooled =K Sgooled/(N - K)
By Lemma F.5 and F.4, we have £5182 =~ y?(K —1) and %ggooled ~ X?(N — K). The proof of Lemma F.5
shows that S? is independent of ¥; for all [ and Y, thus independent of 52, ..., = (1/(K — 1)) i, Ni(V; — V)2
Since this holds for all k, ggooled = (1/(N - K)) Zszl(Nk —1)52 is independent of SZ., ... The statement now
follows from the definition of the F-statistic (48). O

F.3.1 As Regression

Let popy, .. k} denote any full-support distribution over “levels” {1... K} and A ~ popy;. k} be a “factor”. Let
Y =a+ 1CH(A) + Zy Zy2 ~ N(0,0%)

where C24(A) € {0,1}* " denotes the dummy coding of A € {1... K} with A = 1 as the reference level (Ap-
pendix G). Let Y7...Yy denote iid samples of Y associated with A;... Ay ~ POpP(;. .k} We may equivalently
express these samples as Y ; which indicates the i-th sample in group k. Then

}/1,1---Y1,N1 ifisl/\/'(a,ag)
kal...YhNki'i\(}N(Oé‘Fﬂk,Uz) VkG{QK}
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where we use the indexing 5 = (05 ... Sk) for convenience. Thus the generative story coincides with multiple pop-
ulations with equal variance in (36) under normality (Assumption F.1). Furthermore, the equal-mean assumption
(Assumption F.2) corresponds to assuming Sy = 0 for all k = 2... K (i.e., Y is independent of A). Then we may
apply Theorem D.15 with P = {1} and have that

L2
g —glI” /(K —1)
ly —9l* /(N - K)
where y; = Y; and 9,9 € RYN are least-squares predictions using [1] & C4(A) € REX and [1] € R as independent

variables. This means y; = }7,4]. by the property of dummy coding (Lemma G.1) and y; = Y. So the above term
can be written as

lg -9l /(K -1) S0 -g)/ (K -1 S8 STV E -1 e

ly =9l /(N = K) S0y, — )2/ (N —K) S, S (Ve — )2/ (N = K)  Spoctea

In summary,

~F(K -1,N - K)

e Ratio of between-group and pooled variance in N samples from K populations over Y € R that are: (1)
equal-variance, (2) normal, and (3) equal-mean

e Ratio of ESS and RSS (scaled by degrees of freedom) when regressing to Y € R from the dummy coding of
Ae{l... K} with N samples where A and Y are independent

are exactly the same F-statistic distributed as F(K — 1, N — K)).

G Regression with Discrete Input

G.1 Statistics Jargon

In regression, each discrete input variable is called a factor and the different values it takes are called levels. The
combinations of levels of different factors are called treatments. For example, we may regress to Y € R using two
factors A € {1,2} (2 levels) and B € {1,2,3} (3 levels), associated with 6 treatments. If the number of samples is
the same for each treatment, the data is called balanced. Otherwise, the data is called unbalanced. Below, the
first table is balanced data since each of 6 treatments has 2 samples. The second table is unbalanced.

(balanced data) (unbalanced data)

AIB| Y

171 32 A|B Y
1171 35 111 32
112 57 11256
1121 49 112 587
1131 -17 113 |-17
113]|-01 211109
2 |1/|107 211107
2|1/|108 211108
2 12| 13 21213
2 12| 13 2 12|51
213 44 23| 44
2131| 6.1

A desirable property of balanced data is the lack of any linear association between factors (called collinearity).
Knowing the level of one factor doesn’t tell us anything about the level of another factor because all levels are still
equally likely. Intuitively, zero collinearity makes it easier to assess the impact of one factor on Y while controlling
for the others.

G.2 Coding Schemes

A naive way to encode A € {1... K} is to use the one-hot encoding one-hot(A4) € {0, 1} where one-hot;(4) = 1
iff A = k. This has an unfortunate consequence that the data matrix X € R¥N*(E+1) where the first column
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is 15 (bias dimension) is never full-rank. This is because the encoding implies the constraint one-hoty(A4) =
1 =3 4, one-hoty/ (A), so that the sum of columns 2... K + 1 always equals 1y (the first column). For instance,
if we have N = 4 samples of A € {1,2} taking values 1,1, 2,2, the data matrix is given by

=
OO = =
_ -0 o

which is not full-rank even though all values of A have been observed. While we don’t need the full-rank condition
for least-squares linear regression, it’s inconvenient for analysis and can be easily fixed.

G.2.1 Dummy coding

A simplest fix is to designate one level as a reference level and eliminate it in the one-hot encoding. This still
indicates when the factor takes the reference level because only that level has all zeros in non-bias dimensions. This
is known as dummy coding. WLOG we always assume k = 1 is the reference level and write C4(a) € RE~! to
indicate the dummy coding of A =a € {1...K}. The dummy coding of A € {1,2} and B € {1,2,3} is

=0 Cc4(1) = (0,0)
1

Note that the data matrix associated with the example above (samples 1,1,2,2 of A € {1,2}) under dummy coding
is now full-rank:

— =
_ -0 o

Lemma G.1. Let (a1,¥1)...(an,yn) denote N samples of (A,Y) € {1...K} x R. Denote the least-squares
regressor under dummy coding C4 (a) € RX~! by

N

(*,8%)= argmin > (yi—a— ﬁTCfx(ai))Q

a€R, BERK -1 5

Let yr. = (1/count(k)) >_,.,,— ¥i denote the mean response in A = k. Using the indexing 8* = (85 ...0%), we
have

Bi =k — ¥ Vk e {2...K}

Lemma G.1 shows that for £ > 2, the LSE parameter 3 is positive iff 4, > ;. We can add additional factors under
dummy coding and similar properties hold, as shown in the following example with 2 factors and their interaction.

Lemma G.2. Let (ai,b1,91) ... (an,by,yn) denote N samples of (A,B,Y) € {1...K} x {1...L} x R. Denote
the least-squares regressor under dummy coding C4(a) € RE~! and C%(b) € RE~! by

N
* * * * : 2
(@, B%,7", k") = arg min D (v —a—BTCH(a) =7 Chb:) — xTCh(a) ® C (b))
a€R, BERK—1, HeRL-1 xeRE-D(Z-1) =]

where u ® v € R¥ denotes the kronecker product of v € R? and v € R?. Let Uk, = (1/count(k,1l)) Zi:ai:k,bi:l Yi
denote the mean response in (A = k) A (B = [). Using the indexing * = (83 ...6%), v = (5 ...7}), and
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K* = (K3o... Kk 1), We have

o =11

Br =Yk1— Y11 Vke{2...K}

V=Y~ Y Vie{2...L}

Kt = it — (i1 + J10 — J1,1) Vke{2...K},le{2...L}

G.2.2 Sum coding

The LSE weights under dummy coding change depending on the choice of a specific reference level. In sum coding,
we represent the reference level as a vector of K — 1 negative ones instead of zeros. WLOG we always assume k = K
(which is consistent with the implementation in R) is the reference level and write C%(a) € RE~! to indicate the
sum coding of A € {1...K}. The sum coding of A € {1,2} and B € {1,2,3} is

Ci(h) =1 Cyp(1) = (1,0)
Ci(2) = -1 Cp(2) = (0,1)
Cp(3) = (~1,-1)

This has the effect that a balanced data matrix is automatically centered. For example, the data matrix associated
with samples 1,1,2,2,3,3 of B € {1,2,3} under sum coding is given by

1 1 0
1 1 0
1 0 1
X = 1 0 1
1 -1 -1
1 -1 -1

which is full-rank and centered.

Lemma G.3. Let (a1,91)...(an,yn) denote N samples of (A,Y) € {1...K} x R. Assume that the data is
balanced so that each level has M samples (so N = MK). Denote the least-squares regressor under sum coding
C5(a) € RE-! by

N

(«*,8%) = argmin Z (y7 —a— BTCZ(ai)f

a€R, BERK -1

Let y = (1/N) Zf\;l yi denote the grand mean, and yx = (1/M) ;. , _; yi denote the mean when A = k. Then

*

«

Bk

|
|

Vee{l...K -1}

=
|
<

Lemma G.3 shows that for k = 1... K — 1, the LSE parameter 3} is positive iff § > ¥ (assuming balanced data).
Unlike in dummy coding, the parameters are not affected by the choice of reference level since we always compare
the level mean with the grand mean (although we don’t have a parameter associated with the reference level). We
can add additional factors under sum coding and similar properties hold. We give the following lemma and omit
the proof.

Lemma G.4. Let (a1,b1,91)...(an,by,yn) denote N samples of (A,B,Y) € {1...K} x {1...L} x R. Assume
that the data is balanced so that each treatment has M samples (so N = M KL). Denote the least-squares regressor
under sum coding C%(a) € RE~! and C4(b) € RE~! by

N

* * * : 2

(@, B 7" k") = arg min Y (gi—a—BTCka) =1 Chb) — w7 Cila;) ® Oy (b))
a€R, BERK_17 ’YERL_l, HER(K_l)(L_1> i1
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where u ® v € R%" denotes the kronecker product of v € R and v € R?. Let § = (1/N) Zf;l y; denote the grand
mean, yi,. = (1/ML)}Y;, _;yi denote the mean when A =k, y.; = (1/MK)}_,, _, y; denote the mean when
B =1, and yp, = (1/M) >, ,.—p.p,= Yi denote the mean when (A = k) A (B =1). Then

*

a =y

Br ="k, — Y Vke{l...K -1}

YW =YY vie{l...L—1}
Hz’l=§k7l—(gjk7.+ﬂ.7l—g) Vk‘E{l...K—l}, lE{l...L—l}

H Satellite Distributions Derived for Normal Variables

These are distributions that emerge when estimating certain quantities under normal distributions. Specifically,
e Sample variance, scaled by sample size and true variance, follows a chi-square distribution (45).
e Whitened average using sample variance is distributed as a t-distribution (47).
e Ratio of sample variances, scaled by true variances, is distributed as an F-distribution (49).
They have complicated PDFs and CDFs, but we don’t care as long as we can calculate probabilities under these

distributions (e.g., see this calculator). Image credit: Wikipedia.

H.1 Chi-Square Distribution

The chi-square distribution with k degrees of freedom, denoted by x?(k), is the distribution of Qx € R>g
defined as

k
Q=Y 27 Zi... 7, S N(0,1) (42)
i=1

Equivalently Q = ||Z\|2 where Z ~ N(Og, Ixr). There are many chi-square distributions (one for each k € N).
They are assymetric and look like these.

fk('c) X%-
0.51

0.41

TInrnT
O D W N =

0.31

0.21

0.11

0.0 + - - - - f : — .
0 1 2 3 4 5 6 7 8

T T T T T T T
1414 4.243 7.071 5.899 12.73 15.56 18.38

The right figure shows the right-tail critical value for x?(4) at significance level 0.05 (9.488).

Additivity and subtractivity.

Qlﬂ ~ X2(k1)a ka ~ X2(k2) = Qk1 + Qk2 ~ XQ(kl + k?) (43)
Z=X+Y, X 1Y, Z ~x*(ky + ko), X ~ x*(k1) = Y ~ x%(k9) (44)

The additivity follows immediatly from the definition (42). The subtractivity can be verified by deriving the MGF
of Y from the MGF of Z, which is the product of the MGFs of X and Y (since X L Y'), the MGF of X (see p. 35

of here).
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For general normal distributions. Let X; ... Xy " A(u, o). From (43) we have LN (X — ) ~ x3(N),
but this requires the knowledge of p. A more useful characterization is the following. Let Xy = % Zf\il X; denote
the sample mean and assume N > 2. Then

LN
722 X XN NXQ(N—I) (45)

H.1.1 Noncentral Chi-Square Distribution

Let Z ~ N(u, Irxy) for some p € RF. Then ||Z]|* distributed as x2(k, ||u||?) which is called the noncentral
chi-square distribution with k degrees of freedom and the noncentrality parameter ||u||>. If = 0y
then x2(k,0) = x2(k). A result we use is the following.

Lemma H.1. Let y ~ A(u, X) for some 1 € RY and positive definite ¥ € RV*N_ If A € RV*N is symmetric with
rank k, and if AY. is idempotent (i.e., (AX)(AX) = AY), then y " Ay ~ x2(k, " Ap).

While we omit the proof (see this), we make a quick note that we can get rid of ¥ in the lemma since (AX)(AY) = AX
and ¥ > 0 together imply AYA = A. The rank of A becomes the degree of freedom of the noncentral chi-square
variable y | Ay.

H.2 T-Distribution
The t-distribution with v € N degrees of freedom, denoted by 7(v), is the distribution of 7, € R defined as

T, = Z\/z Z~N(©0,1) L V~x3v) (46)

t-distributions are symmetric and look like standard normal with fatter tails (in fact T}, 4z ).

0.40
0.35
0.30
0.25

Z0.20
0.15
0.10

The right figure shows the two-tail critical values for 7(4) at significance level 0.05 (-2.776 and 2.776). Note that
the critical region is smaller than N'(0,1) at the same significance level (-1.96 and 1.96). Intuitively, this means it
is harder to reject the null hypothesis (of zero mean) due to uncertainty of a small sample size.

Lemma H.2. Let X;... Xy N(u,0?) where N > 2. Let Xy = + vazl X; and 5% = Ziil(Xi - Xn)?

denote unbiased estimators of the mean and variance. Then
)_(N — K

T (N —1) (47)

Proof. Define Zy = f/N\/_ﬁM ~ N(0,1) using the knowledge of o2. We may rewrite

Xn—p _5 Jo> 5 [ N-1
Sv/VN S, T TN (N =18 /o
It remains to show that (N — 1)5%/0® ~ x*(N — 1) and it is independent of Zy. The first follows from the

definition of S% and (45). The second follows from the fact that Xy and S% are independent under normality
(Theorem 1.1). O
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From Lemma H.2, we have

Xy —p Xy — Ko _
T ~ N(0,1) v.s. S T

Given this fact, the shape of the ¢-distribution makes sense. It is “standard normal” but has fatter tails to account
for the uncertainty of the sample variance when the sample size N is finite.

We give another useful lemma.

Lemma H.3. Let X;... Xy id N(p,0?) and Yy ... Yy id ./\/( 0?) where N > 2. Let Xy = izf\il X, and
S%( = ﬁZﬁl(Xl - XN)2 Let YN - NZZ\LIY; and 532/ = Zz 1(Y YN) Let Spoolcd - (Sg{ + g)%)/Q
denote the pooled estimator of o2 (37). Then

Xy -Y

_NiN ~7(2N —2)

Spooled\/ %
Proof. We have Xy — Yy ~ N (0,20%/N) by the independence of Xy and Yy. Define Zy = Xy ~ N(0,1)

,/2/N

using the knowledge of 2. We may rewrite

Xy —Vy 2N —2
gpooled \/E pooled 2N pooled/g2

It remains to show that (2N —2) pooled/cr ~ x2(2N —2) and it is independent of Zy. As in the proof of Lemma H.2
(N —1)S% /0% and (N — 1)S% /o? are distributed as x*(N — 1) and are independent, thus by the additivity of the
chi-square distribution (43)

IN — 2)52 —1)52 - 1)5%
( i pooled _ (N 21)SX + (N zl)SY ~ X2(2N — 2)
o o o

The second follows since Xy L S% and Yy L S% under normality (Theorem I.1) so that Xy —Yx L S% +S2. O

H.3 F-Distribution

The F-distribution with (d,d>) € N* degrees of freedom, denoted by F(d1, ds), is the distribution of F' € R>
defined as

U, /d1
Us/ds

Fay a4, = U ~ x*(d1) L Uz~ x*(ds) (48)

F-distributions are assymetric and look like these!'®

25 ‘ ‘ 0.7
di=1, d2=1 ——
di1=2, d2=1 ——
2 d1=5, d2=2 —
d1=10, d2=1
15 d1=100, d2=100 |
0.4
l - 0.3
05 N - ”
\\I\\ 01
0 | T -

0 2 4 6 8 10 12

The right figure shows the upper-tail critical value for F'(4,4) at significance level 0.1 (4.107).

15The mean E[Fy, 4,] = d2/(d2 — 2) exists only if d2 > 2 and is roughly 1 for large do.
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Lemma H.4. Let X;... Xy id N(px,0%) and Yy ... Yy id N(uy,0%) where N, M > 2. Let Xy =
and Yy = 7 Zf\il Y; denote sample means. Let §§(’N = ¥ ZZNZI(XZ» — Xn)? and 512,’M = 37— Zgl(}ﬁ —Yu)?
denote sample variances. Then

—

5% /o3
_;(L/;(NF(N—l,M—l) (49)
SY,M/UY
Proof. Let Qx,n = U% Z?;(Xi — Xn)? and Qy.ur = a% Zf\i1(Yv —Yu)?. They are independent and distributed
X Y
as X?(N — 1) and x3(M — 1) by (45). The claim then follows since

Fw/ok _ L= X/ (N1 gy /(v 1)

g)%,M/U%/ B ézzﬂil(ﬁ —Yr)2/(M —1) C Qvm/(M—1)

Corollary H.5. Let X; ... Xx iirgN(uX,UQ) and Y7 ...Yy iri\siN(uy,UQ) where N, M > 2. Let Xy = & > i,
and Yy = 7 Zi\il Y; denote sample means. Let S% y = v Z?;(Xi — Xy)?and SY 5 = 575 Ei]‘il(Yi —Yu
denote sample variances. Then

Sk~
N CF(N-1,M —1) (50)

H.4 Studentized Range Distribution

Fork=1...K,let X;1... Xy n, u N(p,0?) and X, = (1/Ny,) Zivz"l Xk,i- The studentized range distribution
with K groups and N —K degrees of freedom denoted by srange(K, N — K), is the distribution of g, y—x > 0
defined as

K v Ky
max;. ; X —ming_; Xy,

q /2
Spooled N

where Sgooled is pooled variance (37). Note that for K = 2 and N; = No = N we can write

dqK,N-K =

| X1 — Xo

q22N—-2 = ﬁ
Spooled \/ N

which follows the t-distribution with 2N — 2 degrees of freedom (Lemma H.3). Thus the studentized range distri-
bution is equivalent (up to normalization) to the upper half of the ¢-distribution with 2 groups of the same sample
size. Studentized range distirbutions are assymetric and look like these (using a definition that differs by a factor

of ﬁ)
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To get a sense of critical values, the right-tail critical value for srange(3,10) (the yellow one) at significance level
0.05 is 3.879.

I Facts About Independence

Theorem I.1. Let X ... Xy id pop be random vectors with sample mean Xy = % Ef\il X; and sample covariance
matrix S% = ﬁ Zfil(Xi — Xn)(X; — Xn)T. Then

Xy and 512\, are independent & pop is normal

A proof can be found here. The fact that this property characterizes the normal distribution was first shown by
Geary (1936).

Theorem 1.2 (Craig’s theorem). Let X ~ A(u, %) be a normal vector in R%. For any A, B € R¥*9,

AYB = 0gx4a & XTAX and X " BX are independent

Theorem 1.2 is attributed to Allen T. Craig. Despite its simple form, the theorem is difficult to prove and has a
long and complicated history (Driscoll and Gundberg Jr, 1986).

Lemma I.3. Let X ~ N (i, %), A € R4 and B € R™*4, Then AX € R" and BX € R™ are independent iff
AYBT = 0pxom.

Lemma 1.3 is a well-known property of the normal distribution exploiting the equivalence between uncorrelatedness
and independence for jointly normal variables (see here).

J Projection Matrices

A square matrix P € RV*N  not necessarily symmetric, is called a projection (aka. idempotent) matrix if
P? = P, because in that case P"z € range (P) for all n € N. Properties of a projection P include:

e The eigenvalues must be either zero or one. If Pu = Au for some nonzero vector u, then A\u = Pu = PPu =
APu = A?u s0 A(A — 1)u = Oy, meaning X € {0,1}.

e tr (P) = rank (P) (see here).
e It is diagonalizable. So it admits an eigendecomposition of the form P = Vdiag(1...1,0...0) V1.

The second and third properties are nontrivial because P is generally nonsymmetric.'® For instance, the following
matrix is a projection onto span ({(1,1)}) and has the eigendecomposition even though it is not symmetric (note
that V' is invertible but not orthonormal):

o]t 0]y, _ [o.707 0
PL o]v{o o}v V[o.7o7 1}

If P is any projection matrix, R = Iyxx — P is a projection matrix onto null(P) since R?> = R (easy to check) and
range (R) = null(P).!” Thus we can decompose any point = € RY into range (P) and null(P) by

T = Px + (INxN*P)IE (51)

proj. onto range (P) proj. onto null(P)

16Recall that any symmetric matrix is diagonalizable and its rank is equal to the number of nonzero eigenvalues.
I71f & € range (Inxn — P), then x = y — Py for some y € RV, so Pz = Py — PPy = 0 and hence x € null(P). If z € null(P), then
Pz =0pn and thus (Iyxny — P)z = 2 — Pz = x which shows that = € range (Inxn — P).

31


https://books.google.de/books?id=TKVfbEvrgu4C&lpg=PP1&pg=PA80#v=onepage&q&f=false
https://www.jstor.org/stable/2235822?seq=1#metadata_info_tab_contents
http://karlstratos.com/notes/gaussian.pdf
https://math.stackexchange.com/questions/101512/proving-the-trace-of-an-idempotent-matrix-equals-the-rank-of-the-matrix
https://en.wikipedia.org/wiki/Diagonalizable_matrix#Diagonalizable_matrices

Now given a subspace S C R, there are generally many possible projections onto S. For instance, two projections
onto S = span ({(1,1)}) C R? are (with corresponding null spaces):

el g |

%
null(Py) = { m L ce R} null(Py) = H_CJ L ce R}

Note how the null spaces are different even though the ranges are the same. They are clearly very different
transformations. If we project two points (1,5) and (5,3) onto S, we will have (1,1) and (5,5) if we use P, and
(3,3) and (4,4) if we use Ps.

N[0 =

Projection onto S using Py Projection onto S using P

While both are valid projections and the range-null decomposition (51) holds in either case (exercise: check this),
the second is more “efficient” in the sense that it’s the closest projection. This property is formalized as follows.

Lemma J.1. Let P € RV*¥ be a projection onto subspace S = range (P) C RY. The following statements are
equivalent:

1. For any x € R let y = Pz € S. Then ||z — y|| < ||z — z|| for all z € S with equality iff z = y.
2. range (P) L null(P)!8
3. P=pPT
If any holds, we say P is an orthogonal projection.
Corollary J.2. For any subspace S C RY, there exists an orthogonal projection onto S and it is unique.
Proof. An orthogonal projection onto S is given by P = UU " where U € RV*dim(S) is an orthonormal basis of S.

If P’ is any orthogonal projection onto S, ||z — Px|| = ||z — P’z|| for all z € RY by 1. This implies P = P’. O

Construction from a matrix. For any nonzero matrix A € R™*" the orthogonal projection onto range (A) C
R™ is given by P = AAT € R™*™, Then R = Lyxm — P € R™*™ is the orthogonal projection onto null(P) =
range (A)J‘ =null(AT) C R™.

J.1 Subspace Decomposition Lemma

We state the lemma below without proof (see here).

Lemma J.3. Let A; ... Ax € RV*YN denote square matrices such that Iy xn = Zszl Aj. The following statements
are equivalent:

1. Ay ... Ak are projections.

18Note that we are only able to compare the range and the null space because the matrix is square (otherwise the dimensions do not
match), and even for square matrices the range and the null space are not necessarily orthogonal. See the figure using P; where the
null space is the y-axis.
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2. ApA; =0y for any k # 1.
3. Y rank (4g) = N
If any holds, we call Zle A, a subspace decomposition of RV,

The lemma generalizes the above discussion involving a single projection P. There we have K = 2 and consider
Ay = P and Ay = Inxny — P. Both are projections (1). We have P(Inxny — P) = Onxn (2). We also have
rank (P) 4 rank (Iyxn — P) = rank (P) + nullity (P) = N by the rank-nullity theorem (3).

J.2 Chi-Square Quadratic Form

Lemma J.4. Let X ~ N (Oy, %Iy« ). For any orthogonal projection P € RV*N

XTPX

5~ x* (rank (P))

g

Proof. P is a projection so it is diagonalizable with zero-one eigenvalues. P is furthermore symmetric so we can
find orthonormal eigenvectors V'€ RY*N guch that P = VJV T where J = diag (1...1,0...0) has rank (P) 1’s.
Note that Y := VT X ~ N(Onxn, O'ZINXN) by the orthonormality of V', and

XTPX YTJy ra%” (12)2

02 o2 : o
=1

is the sum of squares of rank (P) iid standard normal variables Y; /o ~ N(0, 1), thus distributed as x*(rank (P)). O

K Proofs and Lemmas

Lemma K.1. For any f : R4 — R,
E [(y = [ (@) (f*(z) — f(z))] =0

(z,y)~PoPxy

Proof. For any = € R?,

yNPOPEx(-Ix) [(y = f*(2)(f*(z) = f(z))] = y"‘popE]\x('h?) [f* (@) — yf(z) — £*(2)> + F* () f(2)]
- ywp(’p]:;\x('m (@) = y~p0PE}|x('\x) w1 /(@) = f*(m)Z + f*(z) f (=)
@R @ @) — @R ) )
=0
Therefore
(W)NIEOPXY (= @D ) - f@l = E prop]aX('lx) (= F @) (@) — F@)]| =0

Proof of Lemma D.8.

Proof. Ax is the orthogonal projection onto null(X ") € RN and thus has rank N — d by the rank-nullity theorem.
X X7 is the orthogonal projection onto range (X ) while X p X} is the orthogonal projection onto range (X p) C
range (X), thus Xp X5 = (XX )(XpXE) = (XpX5H)(XXT) and
BYBY% = (XXT - XpX})(XXT-XpX})
=XX"+XpX5 - (XXN)(XpX})— (XpXH)(XXT)
=XX"-XpX}E

:Bf}
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So B% is a projection. Since it’s a projection, its rank is given by the trace:
rank (BY) =tr (XX - XpXE) =tr (XXT) —tr (XpXF)=d—p

Finally, B§ is symmetric, so it’s an orthogonal projection. Since @ C P, the same argument can be used to show
that C;Q = XpXJ}S - XQXX2 is an orthogonal projection with rank p — q. Now we show the quadratic forms:

el = |y — XX Fu||” = || Axyll* = v  Axy
19— 9pl® = || XX y— XpX}y||” = ||Bhy||" =y " Bky
ly —upl> =1el” + 11y —9p° =y (Ax + BR)y =y (Unxn — XpX})y (52)

. L2 2 P 2 P
or ol = [ x| - e -vrezy

where we use the fact that Ax, By, and C)IZ-’Q are projections and (52) follows from the decomposition (27). O

Proof of Lemma E.1.

Proof. Let J(a, 3) = Zf\il (y; —a—fB;)? which is strongly convex in either parameter. Setting the partial derivatives
to zero yields two equations:

aJ(a, B) al .
T:—2;(yi—a—ﬁxi):0 = a=yy — BTN
N N
&759%, B) — 9 Z(y’ —a— Bz =0 = Zyimi —ax; — Br? =0
i=1 i=1

The expression for « is true no matter what 5 is. Plugging it in in the second equation we have

N N N _

_ _ _ _ Y — YN
Zyixi—(yzv—ﬁxzv)xi—ﬁxfZZyixi—nyi—l—ﬁxin—ﬁxf:O < p= ZZNl e
i=1 i=1 Zi:1 Ty —INT;

The statement follows from the observation

N N N

Z(yi —yn)(@; —In) = Z YiTi — YiTN — YNTi + YNIN = Z YiTi — YNT;
i=1 i=1 i=1
N N N

N N
E (z; —Zn)* = E x? = 2w + T = E z? — 2Nz, + Nz% = E 2 — Nz% = E 2 — Iy,
i=1 i=1

i=1 i=1 i=1

Proof of Lemma D.17.

Proof. From (33),

1
—XTe

N

1 —1
Wy = Wirne + (X X)X "€ = wine + (NXTX>

Here, %X X converges to E [X X T] in probability by the law of large numbers. Since matrix inversion is con-
tinuous, (%X X )~! converges to E [X X T]_l in probability by the continuous mapping theorem (13). As for
%XTE = % Zfil €;x;, by the CLT as N — oo we have

1 a rox. 1
NXTG P ./\/(E [ZUZX],NCOV(ZUQX,Z(,ZX))
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where

E[Z;2X] =E[Z,:]E[X] =04
Cov(Zy2X,Zm2X) =E[Z2.XXT]| =E[ZL]E[XX"] =0’E[XX ]

Let Q ~ N (od, CE [XXTD. By Slutsky’s theorem C.1,
lyix) LxTedg xxT]7'Q
N N
Thus wy KA Wrye + E [XXT] -t @ again by Slutsky’s theorem C.1. Finally we observe that

711 0'2 T1—-1
wtrue+E|:XX ] QNN wtrue,fE [XX ]

N

Proof of Lemma F.1.

Proof sketch. Consistency easily follows from the independence of 5,3 which equals g2 in expectation. For the second
claim, assume K = 2 and popy, is normal for simplicity. Let R, = aS? + (1 — )52 and note

o Var (S3)

a2 g2 N2 g2 _ 0.
Var (R,) = o”Var (57) + (1 — a)*Var (53) = o~ Var(59)

where o* = argmin, cp Var (R, ). The variance of S? can be easily derived by using the normality assumption:

204

(Nk - 1)51% Q2
Var (02 =2(Ny—1) &  Var(S}) = N 1 (53)
where the first equality comes from (45) and the fact that the variance of x?(k) is 2k. Then
of M-l Nl
l—a* Np—1 N+ Ny —2
O
Proof of Lemma F.2.
Proof.
K Ng _ K Ng
>0 e =Y)?=3 > (Vi =Yi+ YY)’
k=1i=1 k=11i=1
K Ny - K - K [N -
=33 it Y P 3 (- ) (3500 )
k=1i=1 k=1 k=1 i=1
The last term is zero because
Ny Ny - -
> (Vei = Vi) =) Vii — NiYi = NpYy — NpYi = 0
i=1 i=1
O
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Proof of Lemma F.3.

Proof. The expected value of Qyithin is simple,

E [Quwithin] = E

K Ny
D> (Wi -
k=1 i=1

K K
=> (Ni —DE[SF] =) (Ny — 1)o* = (N - K)o?
k=1 k=1

We now show that E[Qiotal] = (N — 1)0? + 22{:1(,“19 — u)?. Once this is shown, it follows that E [Qpetween] =
(K —1)o? + Z,i(:l(,uk — )% We start by writing

K Nk B K Nk
Quotal = P> Vi = V) =D ((Viei — i) — (V = i)
k=1 i=1 k=1 i=1
K Nk K Nk
= Vi — ) +2Nk V= )® =2 > (Vo — ) (Y — ) (54)
k=1 i=1 k=1 k=11i=1
We focus on the expected value of each of the three terms. The first is
K Ny K
)9 SRR B S
k=1i=1 k=1

using the fact that (1/Nk) Z L (Yi,i — pg)? (without Bessel’s correction since we're using the true mean) is an
unbiased estimator of o2. The becond is

E XK:N(Y [k ]:i NeE[(Y = p+ p— p)?]
= I:(l K K
=Y NE[(Y = )] + > Nl — ) +2) NeE[(V = ) (1 — puw)]
k=1 ) . k=1 . k=1
=NE[(Y —u)? Nelpp— )2 +2Y Ni(p—pup)E[(Y —
Vi(y)_/;“/; Wk — ) + ; (1 — ) B [( 0 1)

k=1
Finally, the third is
K N B K B B
ED Y Vii—m)Y —m)| =D NME[(Ve = m)(Y — )] (55)
k=1i=1 k=1

We have



where

_ (&N -
E V] =E|% <ZNl z)
=1
K
N; S
5221 A E [YiYi]
_ NkE 72 Nipry % i Vi...Y
= N B+ BRI E (independence of Y3 i)
I£k
Ny (o2 N Y Y
= (5 ) + 20 (Var (Vi) = £ =B [72] ~ )
2 N N,
- % + Wkﬂi + Z Sy
17k
s K
o N
=5+ ; w7
Going back to (55),
K Ng _ K _ _
B |3 0k~ | =3 N 7
k=1 i=1 k=1
K — —
=> Ny (B [YaY] — ppg)
k=1
K 2 K N
— Z <C]fv Z Nﬂkﬂl - M%)
k=1 I=1
NN K
= Z N Lo — ZNk/‘k
k,l k=1
= 0'2

The last equality holds because

K
MZNkuk = <Z Nm) (Z Nkﬂk) Z ‘];VNZMM
k=1 k,l

Finally, putting everything together into (54)

K N

SO Vi = ) (Y = i)

k=11i=1

K N

D> (Viei =¥

k=11i=1

K N

SN (Ve — )’

k=11i=1

E =E +E —2E

K —
Z Ne(Y — p)?
=1

K

=No?+02+ ZNk(u — pr)? =202
k=1
K

— (N =10+ 3 Nilu— me)?
k=1

Proof of Lemma J.1.

Proof. We will establish the equivalence between (1, 2) and the equivalence between (2, 3).
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e (1 = 2) Given any z € S, define f, : R — R by f.(t) = ||z —y — tz||>. By premise the minimum of f,
is achieved at t = 0. Since f, is strongly convex we may phrase the optimality of ¢ = 0 as the stationary
condition f.(0) = 0. Then we have

flt) = 22T (z —y — t2)
= f10)= 22" (x —y)= 22" (z — Px) = =22 (Iyxny — P)z =0 (56)
Recall that Iy — P is a projection onto null(P), so null(P) = {(Inxy — P)z : « € RV }. Since (56) holds
for all x € RY and z € 9, it implies range (P) L null(P).
(2= 1) For any x € RY and z € S, define y = Px € range (P) and note that x —y = (Inxny — P)x € null(P)
and y — z € range (P) (definition of subspace). Thus we have
o = 2|* = [l& —y +y - 2|
2 2 T
=llz—yll"+lly =27 +2(x—y) (y—2)
2 2
=z —yll” +[ly — =l
> ||z — y|?
where the equality holds iff z = y

(2 = 3) If dim (range (P)) = 0 or dim (null(P)) = 0 then either P = Iyyy or P = Oy so trivially P = PT.
Now assume that dim (range (P)) and dim (null(P)) are both positive. We may select nonzero u € null(P)
and = € RY such that Px € range (P) is nonzero. If P # P,

2 ' PTu#2"Pu=0
This contradicts the premise that v"u = 0 for all v € range (P) and u € null(P). Thus P = PT.

(3 = 2) If u = Px for some z € RY and Pv = O, then u'v = 2" PTv = 2" Pv = 0. Thus range (P) L
null(P).

O
Proof of Lemma G.1.
Proof. The loss J : R x RE=1 - R is
N N
J(@,8) =) (4 —a—BTCha)) = (yi —a—Ba, [lai > 1]))°
i=1 i=1
where we use the indexing 8 = (2 ... Sk). J is strongly convex and its partial derivatives are
9.J(8) S
S = —2Z<y- —a = fa,[le; > 1]))
aJ (B
=-2 ;i — o — ke{2...K
35k mz: o= Fx) €t s
Setting =5 3‘](6 ) = , we have
Z (yi —a—Bg) = Z y; — count(k)a — count(k)S; =0 =3 Br =19 — (57)
i:a; =k 1:a;,=k
Setting BJ(ﬁ) = 0, we have
N
Yli—a=Bulla>1)= Y w-a)+ > G-—a—F.,)=0 (58)
i=1 ita;=1 ita; >2
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Using condition (57) on the second term, we have

> wi—a—p) ZZ yi—a—=B)=>_ > (i—u) =0
!

iia; >2 k=21i:a;= k=21i:a;=

Thus condition (58) implies & = O

Proof of Lemma G.2.
Proof. The loss J : R x RE=1 x RE-1 x RK-DE-1) R g

N
J(a7677, "i) = Z (yl - BTC:;(al) - ’YTC%(bZ) - KTCj(a’i) ® C%(bl))2

N
= Z (s — @ = Ba, llas > 1] = 7, [[bi > 1] = Fap, [lai > 1,6 > 1]))”

where we use the indexing = (82...8k), v = (v2...71), and kK = (K22 ...Kkk,r). The partial derivative wrt sy
is

9J(B)
==2 > (yi—a—Bk—— ki)
Oin,1 drai=F,bi=l
Setting this to zero we have
Kkl =Ykl —a— B — M (59)

The partial derivative wrt ~; is

6;;5) =9 2 (yi —a— B, [[ai > 1] — v — Ka; .l [Ja; > 1]])

where we can write

D= Yo wi—a—w+ D, Wi—a—Ba — N~ Ka) (60)
iia; =1, b;=l ia; >1, b=l
©

Using (59), we have

©)

I
g

(i — = Br — i — Kiy)

k22 i:ai:k, bi:l
= E (yi — k1) =0
k>2i:ai=k, bi=l

Thus @ = 0 implies y; = §1,; — «. Similarly, it can be verified that the other stationary points are 8 = 1 — «
and o = ¥y,1. O

Proof of Lemma G.3.

Proof. Recall that the sum coding C%(k) € RE~! is defined for k = 1...K as (0,...,1,...,0) if K < K and
(—1,—1,...,—1) if k = K. Thus we can write the loss J : R x RK~! — R as
al 2
J(a, B) = Z (yz —a— ﬂTCZ(ai))
i=1

K—1 2
= Z (g — o= Ba)* + Z <y10¢+25k>
k=1

a; <K ia; =K
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The partial derivative wrt « is

K-1
L:_g ST wi—a—Ba)-2 > (yi—a-i‘Zﬁk)
k=1

ita; <K ia; =K

@ @

so setting it to zero is equivalent to setting @ + @ = 0. Using the fact that the data is balanced so that we have
M samples for each level 1... K (in particular N = M K), we have

K-1
D=3 yi-ME-1)a-M 8
ira; <K k=1

@)= wi- Ma—i—MZﬂk

ia; =K

®+@:;yifNa:0

Thus « = y. For any [ € {1... K — 1} the partial derivative wrt g is

W%Z yiaﬂl>+2< > yza+26k>

ia; =l iia; =K

®),

so setting it to zero is equivalent to setting @ — @ = 0. We have

@ZZ > yi— Ma— Mg,

i:a;=l

G -@=> v~ > v Mb- MZﬁk—o

ia;=l ia; =K

Summing both sides over I =1... K — 1, we have

Ijz_j(@z@) Z yi— (K —1) Z Yi — MZﬂl -1) B

?

i'al<K 1a;= k=1
=Zyz K Z vi — MKZﬁk—o
This implies
K-1 T
M) Br= Zyi - >
k=1 =1 ita; =K
Therefore
@ @ Z Yi — Z Yi — MBZ M Z Bk
i:a;=l ita; =K
= Z Yi Z Yi — Mﬂl Zyz Z Yi
i:a;=l ira; =K ia; =K
= >y Mp - Zyz =0
ira; =l
which implies 8; =y, — 9. O
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Lemma K.2. If K =2 and M = Ny = N, then S2, .., = (M/2)(Y1 — Ya)?

Proof. The statement is equivalent to

This holds since

o - LM LM L (M M
Yi +Y, —-2Y = M;YM+M;YM*M (;Yl,i+;y2,i> =0
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