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Abstract

The Gaussian distribution has many useful properties. Yet there are few resources that derive these properties
from scratch in a concise and comprehensive manner. This technical note is an ongoing effort to develop such
a resource. The statements are written as generally as possible, with clean and accessible proofs whenever
applicable. Some novel extensions of existing results are provided (e.g., to multivariate forms, non-iid noises).
Equipped with the results in this note, we are able to derive complex methods such as diffusion models and sparse
Gaussian processes with relative ease, in many cases by simply invoking the Gaussian chain rule and Bayes’ rule
(which themselves follow beautifully from block matrix operations) instead of calculating any integral.
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1 Definitions

Let p € RY and ¥ € Riﬁd. We assert ¥ > 0 (i.e., symmetric and positive-definite) to avoid handling degenerate
cases. The Gaussian distribution is a mapping (¢, ¥) : R — [0, 1] defined as

1
(V2m)! /et (T)

which integrates to 1 over R? (Lemma 1.4) and is thus a valid probability distribution. The distribution has the
moment-generating function (MGF) of Mx (t) = exp(t'pu + t"%t) (Appendix D), which readily shows that x is
the mean and ¥ the covariance. If ¥ = diag (0% .. 03), (1) is a product distribution of univariate N'(u;,0?). The
standard Gaussian is the special case with p = 04 and X = Ijx4. The following statements about a random
variable X € R? are equivalent (Lemma 1.16):

N 5) () = exp (e =) a0 0

1. X ~N(u,X). That is, the probability of X = x is (i, ¥)(x) defined in (1).

2. The MGF of X is Mx (t) = exp(t'pu+ 5t'%t).

3. X = p+ Y27 where Z ~ N(04, Lixq)-

4. a"X ~ N(a"p,a"Sa) for all nonzero a € R%.

5. The log probability of X = z is equal to f%xTE*Ix + (27 'u) T2 + C where C € R is constant in .

If any holds, we say X € R? is normally distributed with parameters (i, ). Note that 3 and 4 just reduce
general normality to simpler forms of (1) (standard and univariate). These alternative definitions are useful in
different contexts, for instance

e 2 shows that a point-mass distribution on # € R? is “normal” with parameters (x,04xq), since its MGF is
Elexp(t" X)] = exp(t ' z).

e 3 is the popular Gaussian reparameterization trick where we view X as a perturbation of (i, X).

e 4 is handy when showing that ¥ and Z are jointly normal (Section 3): it is sufficient to show that any scalar
projection of (Y, Z) using a nonzero vector is (univariate) normal.

e 5 “completes the square” for you. By putting the log probability of X in this form, we show that X is normal
and identify its covariance and mean by matching the second- and first-order terms.

2 Basic Properties

2.1 Shape

(1) implies that the distribution is symmetric: N (p, X)(z) = N (1, X)(—z). The gradient and the Hessian matrix
of N(p1,%) at x € R? are

(VN (1, 2)) () = =N (1, D) (2) x 87z — p)
(V2N (1,D)) (2) = —N (1, D)) x (£ =27 (& — p)(a — ) =)
where the Hessian is negative-definite at = p but can be indefinite at other points (Lemma 1.32). The distribution

is not concave, but it is (strictly) log-concave, thus quasiconcave, with p as the unique mode (as well as the mean).

2.2 Linear Transformation

A critical property of the Gaussian distribution is that it is closed under linear transformation. Note that defini-
tions 3 and 4 are consistent with this property. For any A € RY X4 and b € R where A is full-rank with d’ < d (so
that ALAT = 0), X ~ AN (u,Y) implies (Lemma D.2):

AX +b~N(Ap+b,ASAT) (2)


https://en.wikipedia.org/wiki/Logarithmically_concave_function
https://en.wikipedia.org/wiki/Quasiconvex_function

2.3 Log-Likelihood

The Gaussian log-likelihood with a Gaussian random mean is again a Gaussian log-likelihood with a regularization.
Pick any A € RY*? and Q REXT. For all y € R? (Lemma 1.10),

1 _
- A%M,E) [log N (AX,Q)(y)] = log N (A, Q) (y) — Str (Q7'AZAT) (3)

2.4 Sample Mean and Covariance

Another characteristic of the Gaussian distribution is that the sample mean and covariance are independent. For

any iid X;... Xy ~ Unk with mean u € R? and covariance ¥ € R‘iﬁcﬂ unbiased estimators of the mean and
covariance are given by
1 & R
T ) o2 _ 1 ¥ wAT
XN—NilXi SN*N—l Eﬁl(Xz Xn)(Xi — Xn)

It turns out that Xy and 512\, are independent iff Unk is normal (Geary, 1936). In fact, if Unk is normal, then
Xn ~ N(p, (1/N)X) and, independently, (N —1)5% ~ Wy (N —1,¥) where W, is known as the Wishart distribution
(proof).t If d =1 and ¥ = ¢2 > 0, this implies the better known form (N — 1)/02S8% ~ x*(N — 1) where x2(k) is
the chi-square distribution with k& degrees of freedom.

3 Joint Distribution

Wesay X € R?and Y € R? are jointly normally distributed with parameters (u, X) if the concatenation (X,Y)

follows N (i1, X). More explicitly,
X 5 Xx  Xxy
~ N = 72 =
R G )

where ux € R%, uy € R, Ty € Riﬁd, Yy € R‘iOXd/, Yyy € R and Sy x = Y 1y.2 A subtle fact is that X and
Y can be individual normal but not jointly normal (Appendix J), so we must explicitly establish joint normality
even for normal variables (e.g., by using 4 or 5). If X and Y are individually normal and independent, then they
are jointly normal since we can write

X 75% Yx  Ogxa

{Y] Py Owxda Sy
If X,Y are jointly normal, uncorrelatedness implies independence (thus they are equivalent).® But we must show
joint normality before claiming independence from uncorrelatedness. For instance, Appendix J gives X,Y € R that

are individually normal (but not jointly normal) and uncorrelated, but not independent. The following results are
useful when inferring independence from uncorrelatedness:

VA € R4 B e R™*4 . AYBT = 0hxim & AX € R™ and BX € R™ are independent (4)
VA, B € R%¥¥4 . AYB = 04x4q &  XTAX €R and XT"BX € R are independent (5)
where X ~ N (u,Y). Despite their striking similarity, the linear form (4) is simple to prove (Lemma I1.11) but the

quadratic form (5), known as Craig’s theorem (Craig, 1943), is surprisingly difficult and has a long and complicated
history (Driscoll and Gundberg Jr, 1986).

ISpecifically, Wy(k,X) is the distribution over (u1 ... ug) T (u1 ... ux) € R¥*? where u; ... u, € R? are iid samples from N (04, 2).
2We must have X x, Xy > 0 since they are main-diagonal blocks of 3 > 0 (Lemma 1.9) and ¥xy = Z}T,X since Y is symmetric.
3This follows from the form of the conditional distribution (8):

Exy = 0gxar = N (1, D) (ylz) = N(py + Sy xSyt (@ — px), By — Sy xS Sxv) () = N(uy, Xy) (y)


https://en.wikipedia.org/wiki/Wishart_distribution
https://books.google.de/books?id=TKVfbEvrgu4C&lpg=PP1&pg=PA80#v=onepage&q&f=false

3.1 Linear Combinations

Let A € RP*4 B e RP*? and b € RP where A, B are full-rank with p < min(d,d’). If X € R? and Y € R are
jointly normal with parameters (i, X), we have from (2) that

AX +BY +b~N(Aux + Buy +b,AXx AT + AXxyB' + BSyxA' + By B") (6)
In particular, if X and Y are independently normal, then their sum is distributed as
X+Y ~N(px + py,Xx + Zy) (7)

Note that we need joint normality to guarantee the normality of a linear combination. In general a linear combi-
nation of normal variables may not be normal (e.g., (120)).

3.2 Chain Rule

If X e R and Y € RY are jointly normal with parameters (u,Y), and if ¥y — EYXE;ZXY is invertible, then
X ~ N(ux,Yx) and (Lemma 1.12)

YlX:(ENN(MY+nyE;(1(.’L'—/Lx)7ZY—nyz;(lzxy) (8)
(8) can be expressed more simply in terms of the blocks of the precision matrix A = X =1, In this case (Lemma 1.13),

VIX =2~ N (py = A7 Ay x (@ = px), ATY) ©)

3.3 Bayes’ Rule
If X ~ N(u,Sx) (“Gaussian prior”) and Y |X = 2 ~ N (Az+b, By ) (“linear-Gaussian likelihood” ) where A € RY >4

and b € ]Rd/, then
X N 1% EX ExAT
Y Aﬂ+b T AY x Zy—i-AzxAT

along with the marginal and posterior distributions

Y ~N(Ap+b,%y + AXx AT) (10)
XY =y~ NAY (EX' e+ ATES Yy = b)), A (11)

where Ax = 2}1 + ATE;lA (Lemma 1.14). In particular, the Gaussian prior is conjugate for the linear-Gaussian
likelihood.

4 Entropy

Let i/ € R and ¥/ € R%d be parameters of an additional Gaussian distribution over R?. Then the cross entropy
between N (¢/,¥") and N (u, X) is (Lemma 1.6):

HONGE )N (1, 9) = 50— i) TS 70— ) + e (S75) + 1 los((2m)" det(5) (12

This is sufficient to derive entropy and KL divergence:

H(N (1, %) = 3 log ((2re) det(5)) (13)

KLV ) A n ) = 5 = 07570 = 0+ or (5708 = L) + 1o (Sr ) (4)

Notably, AV'(i, %) has the largest entropy among all distributions over R¢ with mean u and covariance ¥ (Theo-
rem C.1). This is mainly because it standardizes x inside the exponential function.



4.1 Mutual Information

Let X € R? and Y € R? be jointly normal with parameters (u,%). If ¥y — ZYXE)?ZXY is invertible, then
conditional entropy and mutual information are (Lemma I.15):

H(Y|X = ZL’) = %log ((27‘(6)(1/ det(Ey - nyz;{lzxy)) (15)
I(X,Y) = %log <det(2£2(d§@y>) (16)

where z € R? is arbitrary (so H(Y|X) = H(Y|X = x)). Note that I(X,Y) is infinite if Y = X. By the noisy-
channel coding theorem, mutual information is the capacity (highest information rate that can be achieved nearly
error-free) of a communication channel between X and Y. Below we give some well-known models with controllable
mutual information.

4.1.1 Additive white Gaussian noise channel

Let X ~ N(0,0%) and Z ~ N(0,7?) independently, and define Y = X + Z. From (7), we have Y ~ N(0, 0% + v/?).
We can further show that X,Y are jointly normal. The simplest approach is to observe

BB (G %))

I(X,Y) = %log (1 + ‘;) (17)

using (2).* Thus

where Z—z > 0 is called the signal-to-noise ratio (SNR). Since log(1 + 2) = z for z — 07 and log(1 + z) ~ log 2
for z — oo, (17) shows that I(X,Y’) grows linearly in SNR in the low-SNR regime, but logarithmically in SNR in
the high-SNR regime. This is one of the classical illustrations of “diminishing returns” of SNR in communication
(Appendix G).

4.1.2 Correlated standard normal channel
Let X,Y € R be jointly standard normal with correlation p < 1. One way to construct them is to let X, Z % N(0,1)
and set Y = pX + /1 — p2Z. Then

[ﬂ “ng} ’ Ll) ﬂ) = I(X,Y) = —%log(l )

By taking the correlation p — 1 we can arbitrarily increase 1(X,Y).

5 Central Limit Theorem

Let Unk(p,0?) denote an unknown distribution over R with mean y and variance 0 > 0. It is often of interest to
consider the sample average X defined as

N

ii — 1

X1... Xy % Unk(u,o?) Xy = S x,;
=1

The average is itself random: every time we draw N iid samples from Unk(u,0?), we draw a single sample of X .
We can easily verify that E[Xx] = £ and Var (X N) = "—]\?, which states that X N concentrates around p as N — oo
(this is called the “law of large numbers”). But what is the distribution of Xn? The central limit theorem
(CLT) states that X is asymptotically normal. More precisely, as N — oo we have

VN (Xn — ) PR N(0,0) (18)

4 Alternatively, we can use definition 4 and observe that a1 X +a2Y = (a1 + a2)X + a2Z is distributed as N(0, (a1 + as)?0? + a%zﬁ)
for all nonzero a = (a1,a2).



https://en.wikipedia.org/wiki/Noisy-channel_coding_theorem
https://en.wikipedia.org/wiki/Noisy-channel_coding_theorem

or, using the closure under linear transformation,

2

S approx. g
X N (0 ) (19)

which is consistent with but not implied by the law of large numbers. CLT allows us to make probabilistic statements
about sample averages regardless of the underlying distribution. For instance, if X7 ... Xy are arbitrary iid samples
with mean 42 and variance 7, then approximately Xy ~ N(42, %) so that we can calculate quantities like Pr(Xy <
50) (e.g., by consulting a standard normal table).

A proof of CLT shows that the KL divergence between the distribution of v N (X N — ,u) and N(0,0?) goes to zero
as N — oo. It is nontrivial: we refer to Marsh (2013) for details. CLT generalizes naturally to multivariate. If
Unk(p, ¥) is an unknown distribution over R? with mean p and covariance ¥ = 0, then the average Xy of samples

X, Xy © Unk(u, X)) satisfies as N — oo:

VN (Xy — ) PR N (04, 3) (20)
e a’ rox. 1
Ky PR N (mNz) (21)

6 Exponential Family

An exponential family is any set of distributions over R? that can be expressed as

T
Gnr60(x) = h(z) exp I _ 7(z) - Ans(9) (22)
base measure (> 0) natural parameter (R™) gufficient statistic (R™)  log-partition function

where the log-partition function has the important property of generating cumulants of the sufficient statistic when
differentiated (e.g., VA -(0) is the mean of 7(x) where  ~ g r¢). The set of Gaussian distributions is an
exponential family (Appendix E), with one parameterization (Lemma 1.23)

1 Z_l,u T x 1 Twe—1
N D))= e esp ] oo o™y 3 (T o (et () | (23)
base measure natural parameter (Rd(d+1)) sufficient statistic (Rd(d+1)) log-partition function

where vec(4) € R? vectorizes matrix A € R4, Thus it inherits the usual properties of an exponential family
such as the concavity of the likelihood function and the availability of conjugate priors.

6.1 Exponential Tilting

Any “base” distribution p(x) can be used as the (normalized) base measure in (22) and, using the identity sufficient
statistic 7(z) = x, generates a new exponential family as g;(z) x etTmp(x) indexed by natural parameter t € R%.
This technique is called exponential tilting. A useful fact is that the Gaussian distributions are closed under
exponential tilting (Lemma 1.26):

tT

Pr(X;=z) xe" * x N(p, X)(z) = Xy~ N(u+3t, %) (24)

6.1.1 Aside: Tweedie’s formula

(24) can be used to derive a score-based Bayesian estimator called Tweedie’s formula, which is a point estimator
implied from the following posterior for u ~ g and x|u ~ N (1, X) (Lemma E.2)

plr ~ Unk( =+ 3SVi(z) , X(Igxa + V2I(2)X))
N————

Tweedie’s formula



where I(z) = logm(z) is the log-marginal. It is typically motivated as correcting for “selection bias” (Efron, 2011).
Suppose we observe N samples z; ~ N(u;,0?) where the mean itself is drawn from some unknown prior u; ~ g
every time. Consider the problem of estimating the mean of @y, = max? , z;. Maximum-likelihood estimation
[AMLE = Tmax almost certainly overestimates the true mean for large N. Instead, we can consider the bias-corrected
estimator i = Tmax + 022 (log m(2))|z=z,.., Where m(z) = Juer 9(N (n,0%)(z)dp is the marginal distribution.

Intuitively, we will have %(log m(2))|o=z., < 0 because Ty is too large given the knowledge of a shared prior.

7 Sub-Gaussian Distributions

A random scalar S € R with E[S] = 0 is sub-Gaussian with variance factor ¢, denoted by S ~ G(c?), if
2t2
Ys(t) < hzon,02)(t) = 5 (25)

for all ¢ € R. It is stable in the following sense:
1. Var (S) < 0? (Lemma 1.29).
2. —S ~ G(0?). This can be seen by noting that ¢_g(t) = g(—t).
3. Pr(S>¢) < exp(—%) for all € > 0. Use Chernoff’s inequality (I.19) with Lemma I.30 and (92).

4. If 81 ... Sy are independent with S; ~ G(c7), then vazl S ~ g(zll a?).

K

Combining these properties, we have (Lemma I1.31)

2.2
2 ez [0 )
o)

i=19i

S; ~ G(c?) independently = Pr <

1 N
25

An important class of sub-Gaussian variables is bounded scalars: if X € [a,b] then X—E[X] ~ G (%) (Hoeffding’s
lemma, 1.27). This yields the following popular tail inequality.

Corollary 7.1 (Hoeffding’s inequality). If X1 ... Xxn € [a,b] are iid with mean p = E[X;] € R,
N
1 2N¢?
PI"(N;Xi—H 26) §2exp(—(b_a)2> (27)

Proof. By Hoeffding’s lemma, X; — 1 ~ g(%). We get the statement by plugging o7 = % in (26). O

8 Cumulative Distribution Function

The cumulative distribution function (CDF) ® : (—o0,00) — (0,1)
of the standard normal distribution is®

P(a) :=Pr(X <a) = /j N(0,1)(z)dx

where ®(0) = £ (by symmetry) and ®'(a) = N(0,1)(a) (by the
fundamental theorem of calculus). One use of ® is approximating
o(a) == (1+e *)~!. We find X so that the slope of ®(Aa) is the
same as that of o(a) at 0. This yields (Lemma 1.33)

o <\/§a> ~ o (a) (28)

5For any distribution f over X € R the associated CDF is F(a) := Pr(Xi <ai1 A---ANXg < aq). We focus on the one-dimensional
standard normal because it is the most useful.
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Figure 1:  (Left) Ten draws of (31) under the RBF kernel where x € R19% is uniformly spaced points in [—5, 5]
(representing X = R). (Right) Ten draws of (32) where z € R!? is random points, f € R is their scores sampled
from (31), and x,.., € R%% is again uniformly spaced points.

The quality of the approximation is visually apparent in the figure. Another useful property of ® is that it is closed
under a Gaussian expectation. For any A, 8 € R (Lemma 1.34):

(29)

[<I>(AX+ﬁ)]=<I>< Mtp )

Vit

(28) and (29) can be used together to derive an approximate closure of sigmoid under a Gaussian expectation:

ro?\ 2
XNN:E(),U,,G‘Q) [o(X)]|~0o ((1 + 8) ,U) (30)

9 GGaussian Processes

E
X~N(p,02)

A Gaussian process (GP) is a generalization of joint normality to infinitely many random variables. It assumes
a kernel k : X x X — R. For concreteness, we will use the RBF kernel k(u,v) = exp(—5tz |Ju — v|[?) over X = R¢
with the bandwidth hyperparameter ¢ > 0. Given a set of N inputs z € X (no duplicates), a GP defines a
conditional distribution over their “scores” f € RY by

[~ N(On, k() (31)

where k(z) € R]:OXN denotes the Gram matrix. By defining a marginal distribution over the scores of any finite
subset of X, a GP implicitly defines a distribution over functions f : X — R (imagine taking N — o). The
choice of the kernel dictates the function class. Under the RBF kernel, Var (f;) = 1 (since k(u,u) = 1). Thus
cor (f;, f;) = 1 for infinitesimally close z; and z;, with the degenerate marginal distribution

HR(ERI)

which assigns all the probability mass uniformly on (f;, f;) € R? satisfying fi = f;. (On the other hand, f; and f;
are independent for infinitely far away x; and x;.) Hence the sampled functions are smooth. See the left plot in
Figure 1 for an illustration.

9.1 The Predictive Model

Let z € NN and z,.., € XM denote training and test inputs. We introduce the latents f € RY and f,.., € RM
distributed as a GP on (7, z,..,) € XNTM:

PF P (f; fiest) =N<0N+Mv {k(k(x) kls:a(:ftt)t)]) {fij

Tests .TC)

(we will always omit the implicit conditioning on the inputs). We can easily compute the relations between the
latents because of joint normality, for instance by (8):

F) =N (BT, DE@) T, E(@ren) = F(@rewe, ) E(2) TR (@, Trene)) (frone) (32)

thestlF(ftcst



Note that if x,,, = z, then (32) reduces to N(f,0nxn). See the right plot in Figure 1 for an illustration. Let
r € RY denote the training labels where R denote the label space, and let prir(-|f) be the likelihood over the
training labels given their scores. For example, we may define

N(f,2)(r) for regression (R = R)

33
Hfil o((2r; — 1)f;) for binary classification (R = {0,1}) (33)

priF(rlf) = {

More specifically, the regression labels are a Gaussian perturbation of the training scores: r = f + € where € ~
N (0n, X); the classification labels are sampled as r ~ Ber(o(f)) where o : R — (0, 1) is the sigmoid function. The
predictive model under a GP is

pFFtestR(fa freses T) = PFFiest (fa ftest) X pR|F(T‘f)

The (very Bayesian) goal is to estimate the “predictive posterior” pp, ., |r(-|r). Under the model, it is given by

Pl fslr) = [ prinldIn) 5 priir sl ) (34

Since pp,., 7 (-|f) is Gaussian and known (32), if we also have a Gaussian form of the posterior pp g (-|r) = N (uP, XP)
where pP € R™ and ¥P € R™*™ are functions of the training data, then (34) is given by Bayes’ rule (10) as
DBy |R(|T) = N (pPP, XPP) where

PP = K@ o, )R () P (35)
VPP = E(20n) — B(Trene, ) (k(2) ™ — k(z) T EPk(z) TN E(2, o) (36)

We may then infer the test labels in a task-specific manner. In regression, we may simply return the mean uP? € RM
(35). In classification, we compute the expected probabilities for each of the test points j =1... M

1/2
) ) PP
Pr (j-th test point has label 1) = fteb,t,jrv/\/]%m?p,z‘?*’.) [0(freet)j) = O <1 + 8”> ps? (37)

(the approximation uses (30)), whereby we return label 1 if (37) is greater than £ and 0 otherwise. Since P and £P

completely determine the solution, we only need to specify the Gaussian posterior (or a Gaussian approximation of
the posterior) to make predictions.

9.1.1 The regression posterior

In regression, the prior pp(-) = N(On,k(x)) and the likelihood pgrr(:|f) = N(f,X) are both Gaussians. Thus
the marginal is Gaussian pg(-) = N (On, k(z) + X) by (10). The marginal log-likelihood (MLL) log pr(r) may be
used for tuning kernel hyperparameters. The posterior is also Gaussian pp g(-|r) = N (pP, XP) with the mean and
covariance specified by (11):

P
P

(k(z)" '+ 2 H 1y pas P = k(z)(k(z) + )" tr (38)
(k(z)™t + 27 H~! YP = k(x) — k() (2 + k(z) " k(x) (39)

where the alternative forms are given by the Welling identity (65) and the Woodbury identity (67). Plugging these
in (35) and (36), we have the predictive posterior

PP R(fres1) = N (k@i 2) ((2) + D) 717, (@) = B(@e, 2) (B(@) + 2) 7R (@, Teer)) (foor) (40)

which generalizes Bayesian linear regression (108) and reduces to (32) in the “noiseless” setting (i.e., ¥ = Onxn)-
Another way to derive (40) is to apply the Gaussian chain rule (8) on the following observation:

] (o B0 M) a

10
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Figure 2: The ground-truth label probabilities are shown in blue lines. Training labels (+ = 1, — = 0) are
generated according to these probabilities on random points. The expected probabilities (37) computed from the
labeled points using (42) and (43) are shown in red lines, with the corresponding decision rules shown in green.
The left plot uses the ground-truth bandwidth (o = 0.6) and fails to fit the training data. The right plot uses a
small bandwidth (o = 0.1) to achieve 100% training accuracy.

9.1.2 The classification posterior

In classification, the likelihood pgp(r|f) = Hivzl o((2r; — 1)f;) is not Gaussian, so the posterior is not Gaussian.
But we can still calculate a Gaussian approzimation pp g(-|r) = N (uP,XP). One based on Laplace approximation
is given by (Lemma 1.35)

pP = f* & pP = k(z)(r —o(f*))
SP = (k(z) ! + W)~ SP = k(z) — k(z) ((W*)*1 + k(x))_ k()

where f* € RY is the unique maximizer of the strictly concave logprr(f,7) (hence can be recovered easily by
numerical optimization, e.g., Newton’s method) satisfying the stationary condition f* = k(z)(r — o(f*)), and
W* = diag (o (f*) © (1 — o(f*))). The alternative form of ¥P is given by the Woodbury identity (67). Plugging
these in (35) and (36), we have the Gaussian approximate predictive posterior pg, ., |r(-|r) &= N (uPP, ¥PP) with

/u‘pp = k(xtcsm Cﬂ)(’f‘ - O-(f*)) (42)
S = k(@) = F(@rser ) (k(2) + (W) ) 7 k(@ 10 (43)

which can be used to calculate the expected probabilities (37) for classifying the test points. See Figure 2 for an
illustration.

9.2 Sparse GPs

Standard GPs need to invert the N x N Gram matrix k(z) which is O(N?). A mainstream approach to avoiding
this computational difficulty is sparse GPs, which introduce additional unlabeled inputs z,, € X™ where m < N
(e.g., by k-means on x). Now we have three latents, (fin, f, fies) € R™TNTM distributed as a GP on (2, 2, Tyes.) €
X™MHTN+EM - \We can again easily compute the relations between any two latents because of joint normality, in
particular

thest\Fm (ftcst fm) = N (k(‘rtcstvmm)k(xm)ilfma k(xtcst) - k(xtcst) xm)k(l'm)ilk(l'myxtcst)) (ftcst) (44)
priF, (flfm) =N (k(@, 2m)k(@m) ™" fn, k(@) = k2, 2m)k(@m) " k(@m, ©)) (f) (45)

Note that they only require inverting the m x m Gram matrix k(x,,). Letting pgip(:|f) denote the training
likelihood, the predictive model under a sparse GP is

PFo FFeos R(fms [s frest: T) = PP Foeae (frns [ frest) X PRI (T]S)

The difference between a standard GP and a sparse GP is illustrated below:
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(@
(Standard GP) <> (Sparse GP)
&) p

Again, the goal is to estimate the predictive posterior pg,_|r(+|7). In this case, it can be written as

P R frenlr) = / D (R Fnlr) X Pr 5, Fros fn) dF (46)

fm€ER™

Since pp, .|, (| f) is Gaussian and known (44), if we also have a Gaussian form of the sparse posterior pp, |r(-|r) =
N (P, QP) where vP € R™ and QP € R™*™ are functions of the training data, then (46) is again given by Bayes’
rule (10) as pp, ., |r(:|7) = N (vPP, QPP) where

VPP = k(& ane, Ton ) (Ty) PP (47)
QPP = k(@ yene) — k(xtest,zm)(k(xm)fl — k(a:m)flﬂpk(xm)fl)k(zm,xtest) (48)

Critically, computing (47) and (48) can be done in O(Mm? + m?). We may then infer the test labels similarly as
before. Since P and QP completely determine the solution, we only need to specify the Gaussian sparse posterior
(or a Gaussian approximation of the sparse posterior) to make predictions.

9.2.1 Variational posterior approximation

We take a variational approach to recovering the sparse posterior pg |r(:|r). The full posterior factorizes as
PE, FIR(fm, fIT) = pF,,|r(fm|7) X PR|F,, (f|fm) Where the latter term is fully known (45). We can match the form
of the approximate posterior by defining qr,, p|r(fim, fI7) = ar,.|rR(fm|") X Pr|F,, (f|fm) so that we only need to
optimize over g, r. The evidence lower bound (ELBO) on the MLL log pr(r) becomes

log pr(r) = - E‘ ) [logprir(rlf)] — KL(ar, |r(|7), F,,) (49)

flmePF|Fm (lfm)

By the usual property of the ELBO, a distribution ¢, |z(-|r) that maximizes the bound satisfies qp,, |r(:[r) =
P, r(:|7) and makes the inequality tight.

9.2.2 The regression sparse posterior

When the likelihood is Gaussian pgp(-|f) = N(f,X), we have a closed-form solution of the true (Gaussian) sparse
posterior and the corresponding MLL (Lemma 1.36):

P R(fmlr) = N (A@m) ™ h(@m) T k(@m, 2)2 7, Am) ™) (fm) (50)
logpr(r) =log N'(On, X + Q(m))(r) — %tr (27" (k(2) - Q(am))) (51)

where A(z,,) = k(zm) ™t + k(2n) " tk(zm, 2) 27 k(2 20)k(2,,) 7 and Q(z,) = k(z, 2m)k(zm) " k(2m, z). Note
that if ., = x, then A(z,,) = k(z)"' + X! and Q(z,,) = k(z) so that (50) and (51) reduce to

P R(fmlr) = N ((k(2) ™+ 27787 (k(2) T+ 277 (fm)
log pr(r) =1log N (O, k(x) + X)(r)

which coincide with the posterior and the MLL in a standard GP for regression (Section 9.1.1). A notable feature
of this result is that we can learn z,, (aka. “inducing points”) and any kernel hyperparameters by maximizing the
MLL (51) (Titsias, 2009). The MLL can be computed in O(Nm? + m?3) assuming a simple noise distribution (e.g.,
¥ = 02y« n); see this note for details on how to invert the covariance matrix efficiently. Once the desired variables
in (51) are optimized, we compute the mean and covariance in (50) (again in O(Nm? + m?)) for use in (47) and
(48) to obtain pp, _,|r(-|7).
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9.2.3 The classification sparse posterior

With the classification likelihood pg|p(r|f) = Hil o((2r; — 1) f;), the true sparse posterior pg, r(-|r) is no longer
Gaussian. But we can parameterize the approximate sparse posterior as Gaussian ¢p,, |z(:|r) = N(¥?,QP) and
directly optimize the ELBO over 1P € R™ and QP € R™*™. (In practice, we reparameterize QP = LLT where L
is a lower triangular matrix to enforce QP > 0 during optimization.) A few steps are needed to make this efficient
(Hensman et al., 2015). We marginalize out fy,, in (fin, f) ~ qr,,|r(:|7) X PF|F,, (:| fm) Dy Bayes’ rule:

ar(r(f1r) = N (k(@, 2m)k(2m) " 0P k() + k(2 2m)k(@m) " (P = k(2m)) k(2m) " k(@m, 2)) (f)
Note that gpir(fr) = [Tis, ar, r(filr) where
qryrlalr) = N (ke 2 )e(@n) " 0P, k(@) + k(s 2m)k(@n) " (Q° = k() k(@) ke, 2) ()
can be computed in O(m?) individually. The ELBO (49) becomes

N
log pr(r) = Z (/ qr, r(alr) x logo((2r; — 1)a) da) — KLV(?, 2%), N (Om, k(zm))) (52)

eRr

The Gaussian KL term is computed in O(m?®) by (14). The one-dimensional integral of the log-likelihood can be
estimated in O(m?) by Gaussian quadrature methods. The formulation (52) thus allows for scalable distributed
optimization of P and {2P. Once they are optimized, we can compute the predictive posterior pg,_,|r and classify
the test points by (37).

10 TODO: High-Dimensional Behavior
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A Integration
A.1 Single-Variable

An antiderivative of f : R — R is a function F' : R — R such that F/ = f. If F' is an antiderivative, then so is
F + C for any constant C' € R. For instance, (1/3)x® + 42 is an antiderivative of x2.

The (definite) integral of f : R — R over [a,b] is a scalar f; f(z)dxz € R that represents the signed area of f on
[a,b]. The quantity f(z)dz is interpreted as the product of the function value and an infinitesimally small interval.
There are different ways to formalize the area. The most common definition is the Riemann integral which partitions
[a, b] into intervals [id, (i + 1)d] of width § > 0 and define

b
/ fla)de = lim 3 f(a)3 (53)

where z9 € [id, (i +1)]. The finite sum ", f(2?)6 for a given width § is called a Riemann sum. Thus an integral
is simply the limiting value of a Riemann sum (if it exists it is unique). A more general definition is a Lebesque
integral which partitions the range of f.

The fundamental theorem of calculus (FTC) allows us to evaluate integrals by antiderivatives: if F' is any
antiderivative of f, then

b
b
/ f(x)dz = F(z)|, := F(b) — F(a) (54)
For instance, the signed area under x? over [—1, 1] is 2/3. Basic properties of integration include
b b b

/ af(z) + Bg(x)dx = a/ f(z)dx + 5/ g(x)dx (linearity) (55)

g(b)
/ f(g x)dr = / fw)du (u-substitution) (56)

g(a)

. b

/ f(x)G(x)dx = F(x)G(x)|a - / F(x)g(x)dx (integration by parts) (57)

(Exercise: verify (56-57) using the chain rule and the product rule in differentiation.)

A.1.1 Substitution in practice

While (56) is the standard form of u-substitution, we often use it mechanically as follows. We wish to integrate f
over the interval a < b. We view f as a (hopefully simpler) function of u = g(x) where g : R — R is invertible and
differentiable with nonzero derivative over (a,b). The infinitesimals are related as du = ¢’(x)dx by the chain rule,
or equivalently dr = ¢'(g~(u))~!du. This yields a “plug-in” version of (56) where we substitute g(z) = u and

dx = g¢'(¢ " (u)) " du,
b g(b)
[ #ands = [ ra)g' (o7 w) (58)
a g(a)
For instance,

™

/0 §2xcos(x2)dx:/0 2v/ucos (u )(2\F>

us
2

= /0 cos (u)du=sin(u)| =1

0

where 2z cos (z2) = 2y/ucos (u) with u = g(x) = 22. Note that g is invertible on (0, /%) so that z = /u; it is also
differentiable with nonzero derivative ¢'(x) = 2z. Writing dz = (2y/u) ~du, we cancel terms and are finally able to
use FTC (54).
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Orientation of region. Observe that

1:/01 1dx:/0_1(—1)du=/_01(+1)du

The first equality is by FTC. The second equality is by (58) with f(z) =1 and u = g(x) = —z. The final equality
is again by FTC, simply acknowledging that (—z)|;* = z|°; = 1. More generally, when ¢'(z)™* < 0 (i.e., u is
moving in the opposite direction of ), we also change the “orientation of region” in integration (right-to-left instead
of left-to-right). We can consider an alternative orientation-free formulation of u-substitution by always assuming
integrating left-to-right. Let R denotes a region a < b, then

/f w—/ £(u) |6 (g~ () Y| du (59)
g(R)

where g(R) is the output region of g when applied to R, integrated from a smaller value to a larger value. This
formulation is useful because it generalizes to higher dimensions (61).

A.2 Multi-Variable

The integral of f : R? — R over a region R C R? is a scalar uf r f(x)dx € R that represents the signed hypervolume
of f on R. Evaluation of such an integral is generally challengmg because the region may take complicated forms
(high-dimensional curves).

We can greatly simplify the problem by restricting the region to be a hypercube R = [a, b] where a,b € R? specify a
d-dimensional bounding box [ay,b1] X - -+ X [ag, bg] (potentially all of R?). A central tool in this setting is Fubini’s
thoerem, which states that

br(a) br(1)
f(z)dx = / e / flw1. . xq)drry | - | dega
[a,b] a,,(d) aﬂ(l)

where 7 is any permutation of {1...d}. Thus we can evaluate a multi-variable integral by iteratively evaluating a
single-variable integral in any order.

Many properties of integration carry over (like linearity), but some need to be generalized. One important gener-
alization is multi-variable u-substitution. Let R C R? and g : R — R? such that J,(z) € R¥*? (Jacobian of g)
is nonzero for all x € R. Then

/f D ldet(Jy(@) dz = [ f(u)du (60)

9(R)

Similar to the single-variable case, we often use substitution mechanically as follows. We integrate f over a region R
by viewing it as a simpler function of u = g(z) where g : R — R? is assumed to be invertible (i.e., det(J,(x)) # 0).
The infinitesimals are related as du = |det(J,(z))| dzx or equivalently dx = |det(Jy(x N|~" du. This gives

/f mf/’fwMM@wﬂmm”m (61)
g(R)

where we “plug in” g(z) = u and dz = |det(J, (g_l(u)))‘_1 du. This strictly generalizes (59).

A.2.1 Applications to probability

Let X € R? be a random vector with distribution px supported on S C R? (i.e., px(z) > 0 and [¢px (z)dx = 1).
The probability that X lies in a region R C S is

Pr(X e R) = /Rpx(x)dx

Let t : S — T be a smooth invertible function where 7' C R¢. Define a new random vector Y = #(X) supported on
T. We claim that Y has the distribution

py (y) = px (t7" () [det(Ji-1 (y))] VyeT (62)
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Equivalently,
py (H(2)) = px () [det(Je-1 (t(z)))] Vo e S
Proof sketch. For any R C T,
Pr(Y € R) =Pr(X €t '(R)) = /tl(R) px (z)de = /Rpx(t‘l(y)) |det(Ji-1(y))| dy
where the last equality applies (60) with g = ¢t~1. This implies (62).

B Matrix Identities

Inverse of a sum. See Welling (2013) for (64) and (157) of Petersen et al. (2008) for (66).

(B"TR'B4+P ) 'B'"R'=PB"(BPB" +R)™! (Welling)
(R'4+P Y 'R'=PP+R)™ (Welling with B = I)
(A+UBV) ' =A"' - A'UB ' +VA'U)'VA™Y  (Woodbury)
(

(A+B) t=A"1'-A (B t+AH) At Woodbury with U =V = I)

Block matrix inversion rule. See the Wikipedia page.

B (My — Mo M, M) ~! —(M; — Mo M Ms) =" My M !

My M,
1 2
{ } - {—M[lMg(Ml — MoyM; M)~ M 4 My Ms(My — My My M)~ Mo Mt

Ms M,y
Block matrix determinant rule. See the Wikipedia page.

M, M _
det ([M; Mﬂ) = det(M;) x det(My — MsM; ' My)

C Continuous Entropy and KL Divergence

We generalize results in Marsh (2013) to multivariate. The continuous/differential entropy of X € R? with density

px supported on S C R? is defined as®

H(X) = - /S px (z) log px (2)dz

(70)

It is easily seen that entropy is additive for independent variables. That is, if X € R? and Y € R? are independent

then the entropy of Z = (X,Y) € R is H(Z) = H(X) + H(Y).

e The uniform distribution w, 4)(x) := 32 over [a,b] C R has entropy

b
H(X) :/ bialog(bfa)dx = log(b — a)

e The Gaussian distribution A (u,X) over R? has entropy (Corollary 1.7)

H(X)= %log ((2me)? det (X))

e The exponential distribution ey (z) := Aexp(—Az) over [0, co) with parameter A > 0 has entropy (Lemma 1.5)

H(X)=1-log\

6We use the term “density” in this section to distingiush continuous vs discrete variables.
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Unfortunately, continuous entropy suffers from various shortcomings (reviewed in Section C.1), most notably neg-
ativity (e.g., (71) is negative if b — a < 1, (72) is negative if A > e). On the other hand, let ¢x be another density
of X with support S. Define the continuous KL divergence (aka. relative entropy) between px and gx as

KL(px,qx) := /pr(f) log ziéi))dl“ (73)

Continuous KL divergence is nonnegative:

KL(px,qx)= E [log

}) (convexity of —log)

where KL(px,gx) = 0 iff px = gx almost everywhere. This has useful implications.

e The cross entropy between px and gx upper bounds the entropy of px,
H(px,qx) := H(px) + KL(px, qx) > H(px) (74)
e Mutual information is nonnegative,

I(X,Y) :=KL(pxv,pxpy) = 0 (75)

The cross entropy upper bound can be used to derive various maximum entropy densities.

Theorem C.1.
N(u,X) e arg max H(px) (76)
px: E[X]=p, Var(X)=X

Ufq,p) € arg max H(px) (77)
px: Support(px)=[a,b]

ex € arg max H(px) (78)
px: Support(px):RdZO, E[X]:)\’l

where uf, 3 denotes the uniform distribution over [a, b] C R? and ey denotes the product exponential density over
R%o with A > 04

Proof. (76): Let px with mean pu € R? and covariance ¥ > 0. Then

Hpx N (1,%)) = /

[ (o) (=072 = )+ log((20) der() )

2
=2 B (@) S @ - )] + 5 log((2n) det(S)

2z~px

= 0+ Jlog((20)" det(9)

= J los((2me)" det(%) = H(N (1, %) > H(px)

(77): Assume d = 1. Given any px with support [a, b] we have

b
Hipx,ux) = / px () log(b — a)dz = log(b — a) = H(uj ) > H(px)
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The statement holds for d > 1 since each dimension is independently optimized.

(78): Assume d = 1. Given any px with support [0,00) and mean A~! > 0 we have

T~pX

H(px,ex) = / px (@) Az —logA\)dz =X E [z] —logA=1—1logA = H(ey) > H(px,e)
0

The statement holds for d > 1 since each dimension is independently optimized. O

C.1 Shortcomings of Continuous Entropy
C.1.1 Inconsistency with Shannon entropy

The Shannon entropy of discrete X € {1 ...x,} with distribution px is

H(X):= —pr(ﬂfi)logpx(%) (79)

i=1

This definition was derived by Shannon as a solution that satisfies axioms of information (regarding monotonicity,
non-negativity, zero information, and independence). (70) appears to be a natural continuous extension of (79) in
the sense that both are E;., [—logpx(z)], but it fails to satisfy the axioms (e.g., it can be negative). One way to
better understand why is to show that (70) is inconsistent with (79) in the limit. Assume d = 1 and let px be a
density supported on [a, b]. By definition

b
tApXquzggE:nadw=ﬂ (80)

where ). px (29)6 is a finite Riemann sum of width § > 0. Thus we can cast the density py as an increasingly
fine-grained discrete distribution with probabilities px (2)d as § — 0. Note that each value of § > 0 yields a discrete
distribution with a well-defined Shannon entropy. This Shannon entropy, in the limit, is

3

lim (— > (px(a))d) log(px(x?)5)> = —lim > (px () logpx ()3 — lim ;px(ff?)ﬂow

K2

b
— T g
lmmmMmmgg;mmmm

= H(X)— | i 2 lim 1 1
<>Qg;wm@Q%%Q (s1)

=H(X)+ oo (82)
where (81) follows from the generalized product rule of limits using (80).7 So the limiting Shannon entropy diverges
from the continuous entropy by an infinite offset.

C.1.2 Variability under change of coordinates

A good measure of information should not depend on the representation of samples from a distribution. For instance,
let px be a distribution over finitely many circles, each of which can be specified by its radius or area. Clearly,
the Shannon entropy of the circle is the same regardless of the representation. Now let px be a density over all
circles. The continuous entropy of the circle under the radius representation is different from that under the area
representation. A general statement that implies this result is given below.

Lemma C.2. Let X € R? with density px supported on S. For any invertible mapping ¢ on S,

H(H(X)) = H(X) ~ B _[log|det(J, (t(x))]]

~pPX

7Assume limgz—sq f(x) # 0. If g(z) does not oscillate around a,
Jim f(z)g(z) = lim f(=) lim g(y)

If g(z) oscillates around a, then so does f(x)g(x).
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Proof.

H(X) = = [ px(o)logpx (t(@))da
=~ [ px(@)torpx(@)de = [ px(a)logldet(T+ (e da (by (63))
=H(X) - B [log |[det(J;-1 (t(x)))]]
]
Corollary C.3. For any invertible A € R¥¢ and b € R?,
H(AX +b) = H(X) — log |det(A™")] (83)
Corollary C.4. For a > 0,
H(aX)=H(X)+dloga
Proof.
H(aX) = H(X) —log|det(a™ " Taxq)| (by (83))
= H(X) —log|a ™"
= H(X)—loga™* (since a > 0)
= H(X) +dloga
O

Corollary C.4 states that we can vacuously increase the continuous entropy of X € R? to infinity by multiplying
each value with a scalar a as we take o — o0.

D Moment-Generating Function

Let X € RY denote a random vector with distribution px. The moment-generating function (MGF) of X is
a real-valued positive mapping My : R? — (0, 00) defined as

Mx(t):= E [exp(t'z)] (84)

T~PpX

Not every distribution has a corresponding MGF (because (84) may diverge). But a classical result in probability
theory is that an MGF uniquely determines a probability distribution. More formally, let X,Y € R? be random
vectors with distributions px, py with well-defined MGFs Mx, My. Then px = py iff Mx = My. Thus an MGF
is an alternative characterization of a random variable.

e’} 2"

What makes Mx special is obviously the exponential function. Since e* = ™ | =,

1
Mx(t)=1+t" E[X] +-t' B[XX|t+--
—_ 2

1st moment 2nd moment
so that V" Mx (0) is the n-th moment of px (hence the name).

Lemma D.1. Let X ~ N (u,Y). Then

Mx (t) = exp (tTu + ;tTEt>
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Proof. We use the same substitution in the proof of Lemma I.4. Let ¥ = UAU T denote an orthonormal eigende-
composition. Let u = g(z) where g(z) = A~Y2U T (z — p), which implies = UAY?u + p. Thus |det(J,(z))| =
|det(A=1/2UT)| = det(A)~*/2, so we have the infinitesimal dz = /det(A)du. Then

1 1
T o (TS e ) ) (s
. (V2m) /et (s ) ( 2
det T L
= —ulu ) ex (t UANY2u +t7 ) du
/ (\/ ) det ( ) p( 2
= exp(t' p) ( —uTu4+tTUAY?y ) du
R ( 2
1 1
_ - A1/2 TZ
=exp(t’ )/ \ﬁ) ( 5 tH + t t) du
= exp (tTu—i— —t'%t ) 7 eXDp (—;HU—UAU%H >du
= exp (tT + tTEt)
O
The first two moments of the Gaussian MGF are
T
>
h(t) := 275 t
VMx(t) = ( () (1 +Xt) =  VMx(0) =p=E[X] (85)

V2Mx (t) = exp (h(t)) S + exp (h(t)) (1 + St) (u+ St) " =  VMx(0)=S+uu' =E[XXT] (86

which imply that the mean and the covariance matrix of X are p and X.

An interesting consequence of Lemma D.1 is that a point-mass density can be viewed as a degenerate Gaussian
distribution with zero variance. That is, if X € R? takes value a € R? with probability 1, then Mx (t) = exp(a't),
which is equal to the Gaussian MGF with 3 = 0g4x4.

One application of MGF is showing that a linear transformation of a Gaussian random variable is also Gaussian.
Note that the MGF of a linear transformation of X is generally

Max4(t)= E [exp (tTAx) exp (th)] = exp (th) Mx(ATt) (87)
T~pX
Lemma D.2. Let X ~ N (1, 2). Let A € RY*? and b € R where d’ < d and A has full rank. Then AX + b ~
N(Ap+b, ASAT).
Proof. For any t € Rd',
Max1(t) = exp (t7b) Mx (A1) (by (87))

1
exp (th) exp (tTA/A + 2tTAEATt> (by Lemma D.1)
1
= exp (tT(Au +b) + 2tTAEATt>

The last term is the MGF of a random variable with distribution N'(Au + b, ALAT) where AXAT = 0. The
statement follows from the one-to-one correspondence between MGFs and distributions. O

D.1 Cumulant-Generating Function

The log MGF ¢ x(t) := log E[etTX] is called the cumulant-generating function (CGF) of X. We see that it is
the (convex) log-partition function of ¢-tilted X; distributed as (Appendix E)

tTx
et px(x)

pPx, (m) = E[etTX]
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We call V(M) (t) the n-th cumulant of X. From (95-96), we have

Vipx (t) = E[X{] (88)
V29 (t) = Cov(Xy) (89)
In particular,
Vix(04) = E[X] (90)
V24 x(04) = Cov(X) (91)

This fact is used in Hoeffding’s lemma which bounds the CGF of a bounded scalar random variable by using Taylor’s
approximation of the CGF around 0 and then bounding the mean/variance of that variable (Lemma 1.27).
Gaussian cumulants. The CGF of X ~ N (p, %) is ¥x(t) = p't + 2T %t, so
Vix (t) = p+ Xt
V21/JX (t) =3
which is consistent with the fact that X; ~ M(p + Xt,%) (Lemma 1.26). The corresponding Legendre transform
i (t) = supycra ATt —1x () of ¥x is (Lemma 1.28)

Pt = 36— p) TS - ) (92)

E Exponential Family

E.1 Exponential Tilting
Given any “base” distribution p over R, we can generate a set of distributions g, ,.¢ by

+

ol e € 0l0)

p,7,0 . ExINP[eQTT(w/)]

for any 7: R? — R™ and 6 € R™ such that E,/, [e? ()] exists. Note that
® ¢, -0 is nonnegative and sums/integrates to 1.

® gy has the same support as p.
® gy ¢ assigns a weight e? (@) on the probability of x, changing the tails of p.
® 4p, 7,0, =P
This technique is called exponential tilting of p. We can rewrite (93) as
dp,r0(x) = p(x) exp (6 7(x) — By-(6)) (94)
where the log-partition function B, ,(0) :=log E;~, [? ™(®)] normalizes dp,r0- We note several properties:
e B, .(0) is convex (Lemma 1.21).
e 7 is a sufficient statistic for 6 (Theorem 1.20).
o Differentiating B, () generates the cumulants of 7(z) over x ~ ¢, ; 9, for instance (Lemma 1.22)
VBr0)= B [r(x) (95)

T~qp,T,0

V2B,.(0) = Cov (r(x)) (96)

x~qp,T,0
In particular, VB, (0,,) = Eyp[7(z)] and V2B, +(0,,) = Covyyp(T(2)).
e Aside: (96) implies that By, ; () is convex since V2B, ,(6) = 0.

Exponential tilting often preserves the distribution family. For instance, if X ~ A (p,¥) and X, is the ¢-tilted X
with ¢ € R? (7(x) = ), then X; ~ N(u + Xt,%) (Lemma 1.26).
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E.2 Unnormalized Form

More generally, we may consider any nonnegative function h : R? — (0, 00) (“base measure”) and define

exp (HTT(JC)) h(x)

Bhiro(2) = Jypera ©xp (07 7(x)) h(x)dx (97)
for any 7 : R? — R™ and 6 € R™ such that Jyepa xp (077 (z)) h(z)dz exists. We can rewrite (97) as
Qh,r0(7) = h(z)exp (07 7(x) — An - (0)) (98)

where Aj, -(0) := log (med h(z)exp (#"7(x)) dz) and 7 is again a sufficient statistic for 6. Clearly, exponential
tilting is a special case where the base measure is normalized. However, (97) is strictly more general since it allows
for h such that fw h(z)dz diverges. It is easy to check that the previous properties hold without a normalized base
measure, specifically:

¢ Differentiating Ay, ,(#) generates the cumulants of 7(x) over = ~ gy, ;. 9, in particular

VA 0= B (@) (99)
V2 Ane(0) = Cov (r(x) (100)

e (100) implies that A, ,(0) is convex.

A set of distributions that can be expressed in the form (98) is called an exponential family. § € R™ is called
its natural parameter. Note that there are many exponential families. For instance, the set of all normal
distributions is one exponential family. The set of all categorical distributions is another exponential family.

E.2.1 Discussions

CGF. The CGF . (x)(t) = log E[etTT(X)} of 7(z) takes the form (Lemma 1.24):
Yrx)(t) = An (0 + 1) — Ap - (0) (101)

where we see VM, (x)(0,,) = V™A, (); this is consistent with the fact that in an exponential family, the
log-partition function generates cumulants.

Conjugate prior. In Bayesian probability theory, a prior over the parameter of a distribution is called a con-
jugate prior if the implied posterior over the parameter conditioning on a sample from the distribution is in the
same distribution family that the prior is in. For an exponential family, we can define a prior

Thr (05, B) = exp (07 a — BA, - (0)) (102)

_ b
Zh,T(a) 6)

for any “pseudo-counts” o € R™ and § € R such that Z;, (o, 8) = f@eRm exp (9Ta — BA;L)T(Q)) df exists. Then
the posterior over 6 given = ~ gy, ;¢ is given by (Lemma 1.25)

won7 (0]; o, B) = - (6;7(2) + @, 1+ 5) (103)

thus (102) is a conjugate prior.

Identifying an exponential family. To check if a set of distributions {p(a:; 0) g is an exponential family, it is
sufficient to propose any h(x) > 0, a transformation of @ into natural parameter form 6 = g(f) € R™ and x into
sufficient statistic form 7(x) € R™, and some function Ay, -(6), such that it can be written as (98):

p(x;0) = qn,-0(x) = h(z)exp (GTT(JJ) - Ahﬁ(ﬁ))

In particular, we do not need to explicitly calculate A (0) = log (fzeRd h(z)exp (07 7(x)) dz) since the normal-

ization of p(z;0) enforces it (and guarantees its existence).
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Non-unique parameterization. An exponential family has infinitely many equivalent parameterizations:

qh,T,@('r) = QGh,uQT,inv(u)QG(I) Va € R\ {O} y U € (R\ {0})m

where @ is the elementwise multiplication and inv(u) is the elementwise inverse of vector u. It is often clear what
a natural parameterization is (e.g., choose u that makes 7(z) as simple as possible).

Limitations. A dizzying array of distributions are exponential families, including the normal (Lemma 1.23),
categorical, exponential, geometric, Bernoulli, Poisson, beta, and many others. But there are certain properties
that an exponential family cannot capture. First, the form

h(a) exp (67 7(x) — An. (6))

implies that the support of this distribution cannot depend on the parameter #. This rules out distributions like
a uniform distribution on [a,b] C R whose support depends on the parameters a,b. Second, some distributions
simply cannot be expressed using an inner product between the input and the parameter, for instance the Laplace
distribution

1 —
Laplace(u, b)(x) = 25 &P (—Ibu>

Third, an exponential family necessarily has a well-defined MGF by (101), so it rules out distributions without an
MGF such as the Cauchy distribution.

E.3 Tweedie’s Formula
Lemma E.1. Define the generative process over ¢,z € R%:
t~pr

ethb(m)

alt ~ pxir(-|t) pxpr(elt) = g

where b is some base distribution (i.e., we are exponential tilting it by ¢). Let

m(z) = /teRd pr(t)px|r(z[t)dt

denote the marginal distribution over z. Define I(x) := logm(x) and ly(z) := log b(z). We have

tlz ~ Unk(Vi(z) — Vig(z), V2I(z) — V2Io(x))

Proof. By Bayes’ rule, the posterior over ¢ given x is

pr(t)pxr(z(t)

(@) = pT(t)EmNb[etT”’] exp (tT:r - Az))

prix(tz) =
where \(z) = log T((f)) This is an exponential family (98) with base measure h(t) = pr(t)E.ple

parameter € R?, sufficient statistic ¢ € R?, and the CGF A(z). By the usual property of the CFG, the mean p
and the covariance X of t ~ ppx (:|7) is given by

.
t°*] natural

w=VA(z)=Vl(z)— Vig(x)
¥ = V2i\(z) = V3(z) — V()
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Lemma E.2 (Tweedie’s formula). Pick any ¥ > 0. Define the generative process over p,z € R%:

p~g
zlp ~ N(p, X)

Let m(x) = fueRd g()N (1, 2)(x)dp denote the marginal distribution over z. Define I(z) := logm(z). Then

plz ~ Unk(z + SVI(x), S(Igxaq + V3I(2)T))

Proof. We can view x|y ~ N(u, ) = N(04 + Xt,2) as an exponential tilting of the base distribution b(z) =
N(0g4,%)(z) by t = £~y (Lemma 1.26). Let lo(x) = logb(z) and note that Vig(z) = V (—32"S71z) = -1z,
Lemma E.1 states that

tlz ~ Unk(Vi(z) — Vig(z), V2I(z) — V2Io(x))
=Unk(X 'z + Vi(z), 71 + V2i(z))
Thus p = Xt conditioned on z is distributed as

plz ~ Unk(z + SVIi(x), &+ XV3(2)%)

F Laplace Approximation

Let pz denote a prior over Z € R% and px|z a likelihood over X given Z. Conditioned on X = x, the Laplace
approximation approximates the true posterior pz x (2|z) o px|z(z[2) X pz(2) by a Gaussian:

pzix (2l2) = N (2", —Hy(2*)7") (104)

where [, (2) = logpz|x(z|z) is the log posterior, z* = argmax_ecpa l;(2), and H, : RY — R4 is the Hessian of [,
(which is assumed to exist). The approximation reflects the idea that the posterior is “pointy” around the mode
and can be directly derived by the second-order Taylor approximation of [, around z*,

1

lo(z") = 5 (z — 2°) T H,(2*)(z — 2*) + constant

which, when normalized, becomes the distribution N (2*, —H,(2*)™!).

G Signal-to-Noise Ratio

We give another classical example that illustrates the diminishing returns of SNR using the same model in Sec-
tion 4.1.1. The model is X ~ N(0,0?) (signal), Z ~ N(0,v?) (noise), and Y = X +Z ~ N(0,0%+1?) (observation).
We have already established that X, Y are jointly normal with Cov (X,Y) = 02, i.e.,

Lo 7 )

We consider the minimum mean squared error (MMSE) estimator (aka., Bayes-optimal regressor) for the
signal X given the observation Y:

f* =argmin B[(X — f(Y))’] = E[X|Y]
[ R—>R

where the last equality is easily verified. This also shows that the MMSE error is the conditional variance of X:

J* =E[(X - f*(Y))*] = E[(X — E[X|Y])?] = Var (X|Y)
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So we just need to know the mean and variance of X|Y to have a complete knowledge of the estimator. Using
Bayes’ rule (11), we have

o? o212 SNR o2
X Y = ~ =
Y=y N<a2+u2y’ 02+V2) N<1+SNRy’ 1—|—SNR>

where SNR = ‘;—2 > 0. This implies f*(y) = l-t,S-IS\IiNRRy and J* = H_gir;R. Holding o2 constant (i.e., it is a fixed
characteristic of the signal), we treat v? as the variable parameter that determines SNR. In this view, J* as a
function of SNR is plotted as

MMSE Error vs. SNR (with 02 = 1)

2

— J7(SNR) = =%

T+SNR

0.8

0.6 1

0.4+

0.2+

0.0

0.0 2.5 5.0 7.5 10.0 125 15.0 17.5 20.0
SNR

It is clear that the MMSE error goes down rapidly in the low-SNR regime, but it saturates in the high-SNR regime
(i.e., J* = 0 as v? — 0). Thus for the purpose of reducing the minimum achievable squared loss, increasing SNR,
has tremendous effect when it is small but diminishing returns as it gets larger.

H Linear Regression

Let X = (x1...2x) € RVX4 denote N input vectors in matrix form, paired with continuous labels y = (y; ...yn) €
RY. In “generalized” least squares, we assume y ~ N(Xw*, %) for some unknown w* € R? and known positive-
definite ¥ € RV*N (ie., y; = w* - 2; + ¢ where (e1...ex) ~ N(0n,%)). The hypothesis class is the family of
conditional distributions A'(Xw,¥) over RY indexed by w € R?. The maximum-likelihood estimator (MLE) with
an [y regularization coefficient A > 0 is

i = axgma log (V' (X, 2)(v)) — 3 [ful
= (XTSI X 4 M) P X T2y
=XT(XXT+20) Yy (105)
where (105) uses the Welling identity (64). Given a test point z,., € R? the “true” label is produced by ¥, =

W* * Tyogy + Erese Where €y ~ N (0, Vo). However, we predict § = W' ..., plugging in ¥ in place of w* and assuming
there is no test noise. Note that

G=y (XX +A2)" "Xz,

is both (1) a linear combination of the training labels, and (2) a linear combination of the dot products between
the test point and training inputs. The latter view admits the kernel trick: compute the Gram matrix G € RV*V
where G, j = k(z;,z;) for a chosen kernel k : RY xR — R (i.e., representing (¢(x;), ¢(x;)) for some feature function

#), compute a = (G + AX) "'y € RV, and predict § = Ef\il a;k(x;, T ). Note that regularization is necessary to
obtain the kernelized version (this is why it is called kernel ridge regression) and to invoke the representer theorem.
H.1 Baysian Linear Regression

We assume w ~ N'(0g4, Q) for some known positive-definite Q € R4*¢, We now have a joint distribution p(w, y|X) =
N(0g4,Q)(w) x N(Xw,X)(y). By Gaussian Bayes’ rule (Section 3.3), the associated marginal and posterior distri-
butions are

p(yIX) =N (0n, =+ X0XT) ()

m(w|X,y) =N (QXT(XQXT +3) 1y, Q- QX T (XX T + 2)*1XQ) (w) (106)
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where (106) uses the Woodbury identity (66). We see that the ridge regressor (105) corresponds to the mode (also
mean) of the posterior (106) using 2 = A~'I;.4 (aka. the MAP estimate). Instead of using a single point, we can
incorporate all of the posterior by considering the “predictive posterior”:

p(y|X7 Y, Itest) = E [N('LUTxteS“ V“ES")(Q):I
wr (| X ,y)

=N (2L X T (XX +2) 7y, Ve + 2, Q0 — 20X (XX +3) 71 X0 ) (7)
(107)

where the marginal (107) is again given by Bayes’ rule. Assuming zero test noise v,.,, = 0 and defining the kernel
function kq(x,z') = x"Qz’, we can express the predictive posterior as

§~ N (ko(@ e X) (ko (X) 4+ )71y, ko (Tie) — ko (i, X) (ka(X) + ) k(X 7..,)) (108)

I Lemmas

Lemma I.1 (Polar coordinates). For any integrable f : R — R,

f@? +y?)d(z,y) =27 /OO f(r*)rdr
R2 o

Proof. Let R = [0,00) x [0,27] and define g : R — R? by g(r,0) = (rcos®,rsinf). Note that r> = 2% + y? and
g(R) = R2. The Jacobian of g at (r,0) is

J(r 9 = w % __|cos@ —rsinf
g\, b) = W W " |sinf® rcosf

Thus |det(Jy(r,0))| = |r(cos® 6§ + sin? 9)’ =r. Thus

(@ + (e, y) = / (g1 0)% + g2(r.6)%) |7, (r,0)| (. 6) (by (60))
R2 R

= /Rf(ﬂ)ml(r7 0)

_ /0 - ( /0 o exp(rz)rd6’> dr (Fubini)

= / 21 exp(—r?)rdr (FTC)
0

= 27r/ exp(—r?)rdr (linearity)
0

Lemma 1.2 (Gaussian integral).

/OO exp (—2%) dv = /7 (109)
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Proof. A standard proof shows that ( ffooo exp (—$2) dz)? = 7 as follows:

(/ exp (—z?) dx) (/ exp (—y?) dy) = / </ exp (—2?) dm) exp (—y?) dy (linearity)
= / (/ exp (—2?) exp (—y?) d:r) dy (linearity)
= [ exp(—(z®+y?))d(z,y) (Fubini)
R2
= 27r/ exp (—r?) rdr (Lemma I.1)
0 ) .
=27 <— exp(—r2)> (FTC)
2 0
=27 |0+ L) -
= T 5 =T
O
Lemma I.3. For any p € R and 02 > 0,
~ (o - u)2>
exp| ————5—|dzx=1 110
/_oo 2ro P ( 202 ( )
Proof. Let u = % which gives the infinitesimal dz = v/20du. Then
o1 (z — N)2> /OO V20 2
——— | dx = —u®)d by (58
/_Oo 27r(f!&\){p( 572 T N 27mexp( u ) u (by (58))
<1
= /;oo ﬁ exp (—’U,2> du
= % Lm exp (—u?) du (linearity)
=1 (Lemma 1.2)
O
Lemma 1.4.
/ ! e ( 1( )TEH( ))d 1
————— —exp | —=(x — x — T =
re (v2m)4y/det(X) P2 : :

Proof. Let ¥ = UAU" denote an orthonormal eigendecomposition. Let u = g(z) where g(z) = A~Y2U T (x — p).
Thus |det(Jy(z))| = |det(A~/2UT)| = det(A) /2, so we have the infinitesimal do = \/det(A)du. Then

/Rd mexp <—;(x TS e - u)) d = /]R Wﬁ% exp <—;uTu> du

By Fubini and linearity,

LT e (a2 )
1 2 4




where the last step applies Lemma 1.3 with ¢ = 0 and 0% = 1. O
Lemma I.5. For any A > 0, the exponential distribution ey(z) := A exp(—Ax) over [0, 00) has entropy
H(X)=1-logA

Proof.
H(X)=- /00 Aexp(—Az) log(\exp(—Az))dx
0
=—logA— )\/O exp(—Az)(—Az)dx

We evaluate the last integral as follows. Let u = g(z) = —Az, then ¢/(z) = —\ so that |g'(g7"(u)) ™| = 1/A.
Reorienting the region between ¢g(0) = 0 and g(oco) = —oo and applying (59),

)\/Ooo exp(—Az)(—A\x)dx = /0 exp(u)udu

0
= exp(u)ul®  — / exp(u)du (integration by parts (57))
= (0—0) —exp(u)|® (limy,— — oo exp(u)u = 0)
=-1
O
Lemma I.6. Define A := ' — u. Then
1 1 1
HNW, )N (X)) = §AT2—1A + 5t (=712 + 3 log((2m)? det (X))
Proof.
HN (W, 2)Np2) = B [-logN(u)()]
N (p,3)
1 1
=- E — ) 'S — ~log((2m)* det(=
5 B = T2 ] + 5 log((2m)" det(x)
By the cyclic property and the linearity of trace,
E —w)'EN X -p]= E _ [or(@z-p)'S (-
B e X ] = B (@) TS - )]
= E tr (27 (z — —u)"
N LR CayDICaD)
=tr (27! E z—p)(z—p)" >
( o) (@ =)z —p)']
Rewriting the expectation,
E r—p)(z—p)'] = E = + Az —p +A)T
- (& —p)(z—p)'] ol (&= + )z —p/ +A)]
= B [a—i)a—i) 4@ p)AT + A — )T +AAT]
z~N(p',27)
=% +AAT
Therefore we have
1 1
HNW,2),N(p, %)) = St (272 + =7TAAT) + 5 log((27)¢ det (X))
— %tr (=712) + %ATZ*lA + %log((Zw)ddet(E))
O
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Corollary 1.7 (Of Lemma 1.6).

HN (X)) = % log ((2me)? det (X))

Corollary 1.8 (Of Lemma 1.6 and Corollary 1.7). Define A := p/ — . Then

KL(J\/(M',E’),N(M,E)):%ATEJA*%tr (2715 = Loxa) + 110 cciljtt((z))

Lemma I1.9. Let A € R?*?. The main-diagonal block matrix of A at index k € {1...d} with size n is a matrix
B(k,n) € R™*™ with entries B; ;(k,n) = Apti—1,k+j—1 fori,j € {1...n}. If A > 0, then B(k,n) > 0 for all valid

k,n.

Proof. Suppose u' B(k,n)u < 0 for some nonzero v € R". Define v € R? where vy, ;1 = u; for i = 1...n and

other entries are zero. Then v is nonzero and v' Av = v B(k,n)u < 0, contradicting the premise that A = 0.

Lemma 1.10. Let p € R%, ¥ € RIS A € R and Q € RiOXd Then for all y € R

E : [log N (AX, Q) (y)] = log N (Ap, Q) (y) — %tr (Q7'AZAT)

XN (2

Proof. We have
1 d’ 1 T A1
log N (AX, 2)(y) = 3 log (27r det () ) — 5 =407 Q7 (y - AX)

where

(- AX)" Q7 (y - AX) = tr (- 4X)T Q7 (y - AX))

tr (Q—l (y — AX) (y — AX)T)
=tr (Q_l (ny —yXTAT —AXy T + AXXTAT))
Since the trace is linear,

1T T AT _ T TYT
X~J\]/?Eu,z:) [tr (Q (yy yX ' A AXy +AXX'A ))}

= tr (XN;:(# . Q7 (yy" —yXTAT —AXy" + AXXTAT)])
=tr (Q" (ny — y(A )T = Apy"T + A(pp” +3) AT))
=tr(Q7 (yy" —y(An)" — Apy" + Ap(Ap)T + AZAT))
—tr (0 (y — Au) (y Ap) ) +tr (Q71ANAT)

=(y—Ap) Q' (y— Ap) +tr (2 1ASAT)
Thus

1 ’ 1 T ~_ 1 _
E 1 AX,Q =—~log (2 DY) = Z(y—Ap) Q7 (y— Au) — =tr (QTATAT
e B Boa N(AX,Q)()] = — log (2m det()) — 5 (v = 4" Q7 (v — Aw) — 51r )

= log N (Au, Q) (y) — %tr (Q1AZAT)

Lemma I.11. Let X ~ N (1, ¥). For any A € R"*4 and B € R™*¢,
AYBT = 05 xm & AX € R" and BX € R™ are independent
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Proof. If A or B is zero then the statement is trivially true (a constant is independent by definition). Otherwise,
for all nonzero (u,v) € R™™ (u,v)"(AX,BX) = (u' A+ v'B)X is normal by the closure under linear trans-
formation (2). Thus (AX,BX) is normal by 4. Hence AX and BX are independent iff they are uncorrelated:
E[AX — p)(X — 1) TBT] = ASBT = 0,5m. 0

Lemma I.12. Let X € R? and Y € R? be jointly normal with parameters (i, ¥). Assume that Xy *Zyxz}lzxy
is invertible. Then for any z = (z,y) € R,

1 1 -1 1 1 B
(V2m)d+d | [det(X) P (_2(2 - M)) - (\/ﬂ)d\/me)(p (‘2(95 —px) "S5 (@ - ,UX))

! s Ty —
< i o (30T - o)
(111)
where Q € RY*?" and ¢(z) € R? are defined as
Q:=%y - SyxX ' Exy (112)
o(x) = py + SyxZ5 (z — px) vz € RY (113)

Proof. By the block matrix inversion rule (68) and abbreviating O = Z;(l Yxv,

w1 _ Sx  Sxy|
Yvx Xy

- [ o
Abbreviating v =z — px and v =y — py,
—p)' 2 z—p)=u" (S +027'0 ) u—u"0Q v —v"Q0OTu+0v QM
=u' Y u+u 0070 Ty —2uT O 0T QT
=u' S u+(v—0"Tu) Qv —-0"w)
= (2 — px) " Bx (@ — px) + (y — ¢(2) " Q7 y — ¢(2))

where we use the fact that 2 is symmetric. By the block matrix determinant rule (69), we have det(X) =
det(Xx) det(2). Applying these identities to the LHS of (111) yields the RHS. O

Lemma I.13. Let (X,Y) ~ N (g, ) where X € R4, Y € R? and

X Yx Xxy Ax AXY} —1
: LLY] {ZYX Yy ] {AYX Ay

(i.e., A is the precision matrix). Then

VX =2 ~N (by — AV Ay x(z — px), AYY)

Proof. We can derive the log conditional probability of Y = y given X = z from the log joint probability X =
z,Y = z by treating all terms not involving y as constants. Thus

log Pr (V' = y|X =) =~ () — ) 5" () — ) + C
= —%((9«“, y) = 1) " A(z,y) = p) +C

1
= _i(y —py) Ay (y—py) — (@ — px) "Axy(y— py) + C’

1
= —§yTAY:U + (py Ay — (z — px) "Axy) y +C”

where the key step is directly expanding the precision matrix instead of inverse covariance. By matching the
first- and second-order terms in Definition 5, we have Y|X = z ~ N(v(x),Q) where Q = Ay' and v(z) =

AV Ay py — Ayx (@ — px)) = py — Ayx(z — px). 0
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Lemma I.14. Let X ~ N(1,Xx) and Y|X = 2 ~ N (Az + b, By) for some A € R¥*% and b € R?. Then

X N 1% EX ExAT
vy~ Ap+b|’ |[ASx Sy + ANy AT

with the marginal and posterior distributions

Y ~N(Ap+ 5,3y + AN AT)
XY =y~ NAY (35 n+ ATSy (v - b)), AX") Ay = + AT A

Proof. With a bit of algebra, we can express the log probability of the variable Z = (X,Y) € R4 in the quadratic
form:

—2log Pr <Z: [ﬂ) = —2logPr (X =z) —2logPr (Y = y|X =x)

=(@-p) 'S @-p+y—Az-b) Sy (y— Az —b)+C
= xT(E;(l + ATE{,lA)x + yTZ{,ly — yTZ;le — xTATZ;,ly
+22 T (AT - S ) — 2y TS5+ O

Y HATSA —ATS (2 AT — 2ty [
— T T X Y Y Y X /
=l vl [ -2 A v Yy ? ~25' Y ¢

A —u

which shows that the log probability of Z = z is =3z Az+u'z+C” for some constant C” € R. Thus Z ~ N (v, %)
where ¥ = A~! and v = Yu (Definition 5). By the block matrix inversion rule (68),

s A-l = [ Yx —Nx(~ATS NSy ] B {zx YxAT ]

Sy (-2 AEx Sy + Sy (-2 A)Sx (—ATESN Sy | T [ASx Zy + ATy AT
Likewise, the mean is given by a lot of canceling terms:

- [Auu+ b}

This shows the statement about the marginal probability of Y. To obtain the statement about the posterior
probability of X given Y = y, we use the precision matrix form which states that (swapping X and Y in (9))

v="Su= [ XX mxAT ] [E?u - ATE{?b}

ANy Sy + AN AT Py

X|Y =2~ N (ux — Ax'Axy(y — py), AYY)

where pux = pu, py = Ap+b, Ax = E;(l + ATE;lA, and Axy = —ATE;l. Noting Ax = E}l — Axv A, we can
simplify the mean as

=AY Axy(y— Ap—b) = Ay (Axp — Axy (y — Ap — b)) = A (S n+ ATS3 (y — b))

O

Lemma I.15. Let X € R? and Y € R? be jointly normal with parameters (i, ¥). Assume that Xy *Zyxz)_(lzxy
is invertible. Then for any = € R?,

HY|X =) = %log ((2we)d’ det(Sy — EYXE;}EXY)) (114)
I(X,Y) = %log <det(2£zf;)t@y>) (115)
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Proof. By Lemma 1.12, Y|X = z is distributed as NV (¢(z), Q) for any 2 € R? where ¢(z) := py + Sy x X5 (z — pux)
and Q := Yy — Sy x X' Yxy. Thus

HY|X =z)=E[-logPr(Y|X =z)] = %E (Y = ¢(z) QY — ¢(2))] + %bg((%)d’ det(Q))

Using the cyclic property and linearity of trace, the first term is

1 _ 1 _ d
SB[V —0(@) T (Y —o(a))] = tr (T BV — 6()(¥ — o)) = &
This shows (114) (note the Euler constant e). To show (115), we have
I(X,Y)=H(Y) — HY|X)
1 p 1 p
=3 log ((27re) det(Ey)) —5 log ((27re) det(Q))
1 det(Ey)
= —1 _—
2 Og( det(Q) >
1 det(Ex) det(Ey)
]
2 Og( det(2)
where for the last equality we use the fact that det(X) = det(XxQ) = det(Xx) det (). O
Lemma 1.16. The following statements about X € R? are equivalent.
iq — — 1 Ll VT —
1. X ~N(u, ), that is, Pr(X =x) = (m)dmexp( (@ —p) S e —p)).

2. Mx(t) =exp(t'p+ 3t'%t) for all ¢t € RY.

3. X =%Y27Z 4y where Z ~ N (04, Lyxq)

4. Y = a' X has the density N(a'u,a' Xa) for all nonzero a € R%.

5. logPr(X =a)=—3(z—p)'S(z—p) +C=—42"S o+ (X7 u) "z + C’ for some constants C,C” € R.

Proof. Lemma D.1 gives 1 = 2. To show 2 = 3 we note that by (87)
1
M21/2Z+,u(t) = exp (tT,u) MZ(El/2t) = exp <tT/.L + QtTEt) = Mx(t)

We have 1 = 4 since the density of Y is N(a' p,a" Xa) by Lemma D.2. To show 4 = 2, pick any nonzero a € R%.
For allt € R

1
Mx (ta) = M, x(t) = exp (taT,u + 2t2aTZa>
where the first equality uses (87) and the second equality uses Lemma D.1. Setting ¢ = 1 gives Mx(a) =
exp (a'p+ 2a"Sa). Additionally, Mx(04) = 1 = exp (0 p+ 307 304). Thus Mx(t) = exp(t'p + 3t'%t) for
all t € R%. To show 1 = 5, the log probability of X = z where X ~ A (u,Y) is

1
logPr(X =z) = fi(x —u)' S —p)+Cy
1 1
= —ixTEflx +p Y e — E,uTE*l;L + C (“expanding the square”)

1
= —§mTE_1x + (27 Tz + Oy
where C, Cy € R are some constants independent of x. To show 5 = 1, note that
1
logPr(X =z) = —ixTEflx +E e+ C

1 1 1
=——' Sy’ e - TS  u+ TS+

2 2 2
1
= 75(1' -2 Nz —p)+C’ (“completing the square”)
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where C” is a constant. This implies, for the constant C” = exp(C"),

Pr(X =z)=C"exp (—;(x )Y~ ,u))
Since [, pa Pr(X = z)dz = 1, we have
Joera exp (—3(z —p) TSz —p)) de (v/2m)d\/det(%)

where the second equality is by Lemma 1.4. O

Lemma 1.17 (Popoviciu’s inequality). For any bounded scalar random variable X € [a, ],

(b= a)*
4

Var (X) <

with equality iff Pr(X =a) =Pr(X =0) = 2

Proof. For any constant ¢ € R, E[(X -] =E[(X - E[X] E[X] — ¢)?] > Var (X). Choosing ¢ = 5% and using
the fact that | X — 25| < %3¢ we have Var (X) < E[(X — %5%)?] < b= a)2 O

Lemma 1.18 (Markov’s inequality). For any nonnegative scalar random variable X > 0, for any ¢ > 0:

E[X
Pr(X >¢) < X]
€

Proof.

= / Pr(X )z dx (proof similar if X is discrete)

0

> / Pr(X =x)zx dx

> Pr(X =x)edr

> ePr(X

O
Lemma I.19 (Chernoff’s inequality). For any scalar random variable X € R and ¢ > E[X],
Pr(X >¢) < e~ ¥x ()
where 1% (€) = sup,cp te — ¥x (t) is the Legendre transform of the CGF x (t) = log E[e'~].
Proof.
Pr(X >e¢) < Pr(tX > te) Vi>0
_ Pr(etX > ets)
E[e!X] . o X te
=— (Markov’s inequality, since e’* > 0 and e*“ > 0)
e €
— o (te=9¥x (1))
In particular,
Pr(X > ¢€) < inf e~ (te—¥x (1))
>0
_ ef(sup,,ZO tﬁfll)x(t))
_ 6_(Supteﬂi te—1px (1)) (116)

0]

The step (116) uses the following lemma.
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Lemma. Let J(t) :=te—¢x(t) and J* =sup,cp J(£). Then J* > J(0).

Proof.
J(t) = te — log E]
< te — tE[X] (Jensen’s inequality: log E[X] > E[log X])
=t(c — E[X])
—_——

>0

tX]

(&

Thus J(t) <0 for all ¢ < 0. The lemma follows from the fact that J(0) = 0.

Theorem 1.20 (Factorization Theorem). Assume a joint distribution

poxr(0,2,t) = pe(0) X px|e(x|0) x [[7(x) = t]]

where X € X is a sample from a distribution parameterized by © € H, and T' = 7(X) € T is the sample statistic for
some function 7 : X — 7. The following statements about 7 are equivalent: if any holds, we say 7 is a sufficient

statistic for ©.

e X is conditionally independent of © given T = ¢:
px|r(zlt) = px|re(|t,0)
e There exist f7: X - Rand g: 7 x H — R such that

pxje(@l0) = fr(z) x g(1(2),0)

Proof. (118)=(117): For any t,0,

prie(tld) = Z Pxie(z]0) (proof similar if X is continuous)
TEX: T(x)=t
= Z fr(z) x g(r(x),0) (118)
zEX: T(x)=t

S o) | xg(t6)

z€X: T(x)=t

thus for any x satisfying 7(z) = ¢,

Dx T@(l‘|t 9) = pXT|@(ZZ?,t‘9) — fT(I) X g(t,@) _ fT(I)
| | pTl@(t|9) (ZweX: T(z)=t fT(x)) X g(t, 0) Eme){: T(z)=t fT((E)

and px|re(x[t,0) = 0 for = such that 7(z) # t. This implies px|7(z|t) = px|re(z[t,0) for all 6.
(117)=-(118): Define fr(x) = px|r(z|7(x)) and g(t,0) = pr|e(t|f). Then

pX|@(93|9) = pXT\@(%T(x)W)
= px|re(z|T(x),0) X pre(1(2)]0)
= px|r(z|7(x)) X prie(T(2)]0) (117)
= fr(z) x g(r(x),0)

Lemma I.21. Let X € X be a random variable and 7 : X — R™ be a function such that
B, -(0) :=1ogE [eeTT(X)]

exists for all @ € R™. Then B, ; : R™ — R is convex.
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Proof. We use Holder’s inequality which states that E[| XY|] < E[|X|p]%E[|Y\q]% for any p,q > 1 satisfying %—1—% =
1. For any o € [0,1] and 0, w € R™:

exp (B (af + (1 — a)w)) = E 'eaeTT(x)Jr(ka)wTT(x)}

=E

eaaTT(X)‘ ‘e(l—a)wTT(X) H

<E eaeTT(X)

Hara) ( 1 1 )
p=—q=
« l1—«

1qa
a} E[‘e(l—a)wTT(X)

(1-a)

_E 'eeTT(x)r E {QJT(X)}
= exp (By,+ (6))" exp (Byr (w)) "~

Taking the log on both sides yields B, (a8 + (1 — a)w) < aB,, -(8) + (1 — a) By - (w). O

eeTT(m)p(z)

[eoTT(z/)]

6 € R™ where Exlwp[eeTT(f”,)] exists. Let B, -(6) := log Epr[eaTT(””)]. Then

Lemma 1.22. Let p be a distribution over R? and define g, ;. ¢() : for function 7 : R? — R™ and

TTE,

x/~p

VB, (0)= E [r(z)]

T~qp,T,60

V2B, .(0) = Cov (7(z))

T~qp,T,60

Proof.

E, e’ 707 ()]
Ex,wp [e9TT(w’)]

VB, (0) =

v, (9) = Bl T ] (EINP[GWT“)WM]) (Ezw[e”ﬂxn(m)])T

Em/,\,p[eeTT(I,)] Em,Np[eOTT(x’)} Emlwp[eeTT(x/)}
Thus by the definition of ¢, r ¢

VBp.(0)= E [r(z)]

V25,.1(0) - NE o] - (B o) (B o)

1

h(z) = Van) (base measure)

_ DIy d(d+1)

0= |:—éVGC (21)} eR (natural parameter)

_ €z d(d+1) . .

T(z) = [Vec (xxT)} eR (sufficient statistic)
1
Ay (0) = 3 (1S + log (det(X))) (log-partition function)

where vec(M) € R™ is the vector form of matrix M € R"*" with [vec(M imDnti = M ;.
(i—=1)n+j J
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Proof.

S S GNE SO ST
N )E) = o s p( Ho—wTE M))
- (\/217)01 P (“Tzlx B %”“"Tzflm - %MTE”M - %log (det(E)))
S s 17 z LTy e (de
; (\/ﬂ)d P <|:—§V€C (2_1)} {Vec (xx—r)} 2 (M 2 H +1 g (d t(E))))
where we use the fact that u' Mv = vec(M) Tvec(uv ). -

Lemma I1.24. Let gy - (z) = h(z) exp (07 7(z) — Ap -(0)) with Ap, -(0) = log ([, g k() exp (0 7(x)) dz) denote
an exponential family. The log-MGF of the sufficient statistic 7(x) is given by

w'r(X)(t) = Ah,‘r(‘9 + t) - Ah,T(e)

Proof.

Myx)(t) = E  [exp(t'r(z))]

T~qh, 7,0

/eRd h(zx) exp (QTT(ZE) — Ay (0)) exp(t' 7(x))dz

—exp (~ 40,0 (0)) | hw)exp (047 7(2) da

zeRd
=exp (Ap (0 +1t) — Ap - (0))

O
Lemma 1.25. Let gy, 0(z) = h(z) exp (6" 7(z) — Ay -(0)) with Ay (8) = log (erRd h(z)exp (6 7(x)) dz) denote
an exponential family. Define a distribution over § € R™ by
1
T (03, B) = —————exp (0" a — BA - (0))

N Zh,‘r(aa ﬂ)

for « € R™ and f € R such that Z, .(a, ) = fGeRm exp (GTafﬂAhﬂ.(@)) df exists. Then the conditional
distribution over @ given z is

khr(0z; o, B) = w7 (0;7(2) + o, 1 + )

Proof. By Bayes’ rule,

I{hﬂ'(0|x; «, /8) X ﬂ-h,T(g; «, 5) X Qh,T,e(iE)
1
=——  exp(0Ta—BA4,,(0)) x h(z)exp (0T 7(z) — A (0
Zni(o D) D ( BAR-(9)) x h(z)exp (0" 7(x) — Ap-(0))
x exp (07 (7(@) + ) — (1 + B)Ans (0))
This implies &p, - (0|z; a, B) = 7+ (0; T(x) + a, 1 + B). O
Lemma I.26. Let X; denote the ¢-tilted X ~ N (p, ) using 7(z) = 2. Then

X, ~ N(p+3t, %)
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Proof. We can directly verify this claim using the fact that the CGF of X is u 't + %tTEt:

tTx
e
Pr(X, =z) = =N (p, X)(z)
¢ EaE/N_/\[(#’E)[(it-ra'C ]
1 1 Ty—1 T T, L7 )
= ———F———exp| —z(z— Y-+t z—p't— =t Xt
Vaivam O ( 5@ —n) (@ — ) pot—g
1 1
= exp(—z@—p-3)"2 "z~ —Et)
ey S CECEVER ISR EVES
Lemma I.27 (Hoeffding’s lemma). Let X € [a,b] be a bounded scalar random variable. Then
b—a)*t?
Yx_gx)(t) < %

Proof. For any t € R, by Taylor’s approximation of ¥ x around 0, for some 7 between 0 and t:

1 Var (X)) t2
Ux(t) = $x(0) + ¥ (0) £+ 2 v (n) o vx et = VRO
—— —— 2 = 2
0 E[X] Var(X,)
where X, € [a,b] is the 7-tilted X (89). By Popoviciu’s inequality (Lemma 1.17), Var (X,,) < (b_fﬁ.

Lemma 1.28. Let % (t) := supycpe A't —9x()\) denote the Legendre transform of x. If X ~ N (y,¥),

Y0 = 36— ) S 6 - )

Proof. J(X\) = ATt —1x()\) is concave in A € R? since 1x is convex. The stationary condition is
VJA) =t —=Vix(\) =t—pu—XX =04
Thus \* = X71(¢ — p) is the maximizer of J. Then
Ui () = (A1) Tt —ux (V)
=) Tt ()T %()\*)TEA*

Lemma 1.29. If X ~ G(c?), then Var (X) < o2.

Proof. By the Taylor series of e =14 z + % + % + e

X2 X3 t’E [ X?
FO) = B[] =B 146X + —— + ——+ - :1+%+t3P1(t)
22 242 144 2,2
g(t) == E[e™F ]=1+UT+UT+"'=1+JT+t3P2(t)

where P;, P, are some polynomials. By premise, for all £ € R

12E [X?] o212

ft) <g(t) & +t3p1(t) < 5 + t3P2(t)

& E[X?] - 0% <tG()
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where G is again some polynomial. Thus

E[X? -0o%< lim tG(t) =0 & E[X? < o?
—
O
Lemma 1.30. If X, Z € R are random variables with the CGFs ¥x, ¢z : R — R,
Ux(t) < dz(t) VEeR = exp(—vx (t)) < exp(—¢z(t)) VteR
where ¥% (t) = supyecr At — ¥x (t) is the Legendre transform of ¢ x (similarly for ¢ (t)).
Proof.
Vx(t) < ¢z(t) < —Px(t) > —pz(t)
& A —x(t) > X — ¢z(t) VAER
= sup At —thx (t) > sup A\t — dz(t)
AER AER
& Vx(t) = ¢7(t)
& —Px () < —oz(t)
& exp(—¢x (t)) < exp(—% (1))
O
Lemma 1.31. If X;... Xy are independently sub-Gaussian with X; ~ Q(Uf), then for all € > 0:
N
1 NZe?
Pr 7ZX7, Ze) <2exp| ——F———
(Ni—l ( 2(2?1#))
Proof. Let X := Y. | X;. Note that X ~ G(32, 02) (4) and —X ~ G(X2N, 02) (2). Thus
Pr|=X|>e)=Pr( X <—evoX>
T N Z €| =rr N < —e€ N > €
< Pr i)}: < —€]+Pr i)? > (union bound)
< X <€ X e
=Pr (—)Z' > Ne) + Pr ()? > Ne)
N2 2
e Q
2 (Zi:l 01'2)
O

Lemma 1.32. The gradient VN (11, %) : R? — R? and the Hessian V2N (u, X) : R — R4 of A(1, %) : R4 — [0, 1]
are

(VN (1, %)) (2) = =N (1, B)(2) x B7H(z — p)
(V2N (1, 2)) () = =N (1, D)(2) x (B =27z —p)(z —p) TS

The Hessian is negative-definite at « = p, but possibly indefinite at other points.

Proof. Shorthanding p(z) = N(i, %) (x), C = ((v2m)?/det(X))~!, and g(z) = —2(xz — p) TS (z — p) where
Vg(z) = =X~z — p), we have

Vp(z) = CVexp (g(z)) = Cexp (9(z)) Vg(z) = p(z) (-3 (z — p)) = p(x)k(x)
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with k(z) = =X~ !(x — p). Denoting the Jacobian Ji(x) = —X~!, we have

V(@) = p(x) Ji(2) + k(z) (Vp(@) " = —p(2)S7" + p(2)k(2)k(z) " = —p(z) (57! = 7 @ — p)(z — p) TS

2p(z). To show that it is negative-definite at = u, we simply note that

_ —1
H(p)=—pp)E_ <0
>0 =0

Now we analyze the Hessian H(z) =V

(the inverse of a positive-definite matrix 3 remains positive-definite). For the last statement, it is sufficient to give
an example of an indefinite Hessian. Let p = (0,0) and ¥ = Isx2 (i.e., standard Gaussian in d = 2 dimensions).
Pick the point z = (1, 1), one standard deviation away from the mean in each dimension. For any vector u € R?,

we have
W H(z)u = —p(z) (uT {01 ‘01] u)

where the matrix is indefinite. For instance, u = (1,—1) results in —2p(z) < 0 and u = (1,1) results in 2p(z) > 0.
In the two-dimensional case, it is easy to visualize that this is a saddle point (convex along the direction of (1,1),
concave along the orthogonal direction). Interestingly, for d = 1, the points x = p£o result in H(z) = 0 (“inflection
points”). O

Lemma 1.33. £&(,/%a)|,_,=0'(0) =
Proof. We have o'(a) = o(a)(1 — o(a)) and ¢(0) = 3, so 6/(0) = . On the other hand, we have

1
4

0P (\a) 0P (\a) A
—= = AMN(0,1)(A - = IN(0.1)(0) = —
20— AN(0,1) (M) = G| = WO =
Matching the two values yield A = /5. O
Lemma 1.34. For any A\, 5 € R,
A+ )
E O (X + = | ——
X~N(p,02) [ ( ﬁ)] (\/ 1+ M\202
Proof.
E d(AX = E D (A Ao Z
B L ROX 4= B @t A0Z + )
= P 7z Z
Z,Z’N/{/(O,l)( <M+ AroZ +B)

= P Z'—XoZ <\
Z,Zw/\rf(o,l)( 0Z <M+ )

= P (Z" < A+ B)

o Z/’NN(O,€+A202)
A
_ P (Y - W)
Y~N(0,1) V14 N\2o2

_ % < A+ B )
N Eera
Side note: proving a special case of this result (with 8 = 0) is an exercise (Exercise 4.26) in Bishop and Nasrabadi
(2006), who give a very complicated problem-specific solution calculating integrals (which can be found online). In
contrast, this proof is strikingly simple and well-known in the Stack Exchange community (e.g., here and here).
This is a reminder that often the “right” solution is simple, and even the best people can miss it. O

Lemma I.35. In the GP classification model in Section 9.1.2, a Gaussian approximation of the posterior N'(uP, ¥P) =
pr|r(-|r) is given by

pP = f*

BP = (k(z) "+ W(f) ™

where f* € R is the unique maximizer of the strictly concave logprr(f,r) satisfying the stationary condition

[ =k@)(r —o(f)), and W(f) = diag (¢(f) © (1 - a(f)))-
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Proof. We apply the Laplace approximation (Appendix F) on

N
prr(f;r) = N(On, k(x))(f) x (H o((2ri — 1)fi)>
i=1

to obtain pgr(flr) = N(f*, ~V27,.(f*)71) where f* = argmax log pp r(f|r) = argmax;logprr(f,r) and
7(f) = log pr|r(f|r) is the log posterior. With some calculation, we have®
Vr(f)=r—o(f) —k(x)~'f
V27.(f) = =W(f) = k(z)~" <0

which shows 7, is strictly concave and the unique optimum is obtained at a point f* satisfying f* = k(z)(r—o (f*)).
This gives the statement. 0

Lemma 1.36. With the Gaussian likelihood pgp(r|f) = N(f,X)(r) in a sparse GP, we have
P R(fmlr) = N (Al@m) T k(@m) ™ k(@m, 2)27 ', Azm) ™) (fn)
log pi(r) = Iog N Oy, 5+ Q) (1) — bt (57" (h(z) ~ Q)

where A(2,,) = k(2m) ™t + k(2m) "1k (2m, 2) X7 k(2 20) k(2,) 71 and Q(20m) = k(2,20 k(2m) ~ 1k (2m, T).
Proof. The ELBO (49) becomes

log pr(r) = o . log N'(f, 2)(r)] — KL(gr,,|r(:I7), PF,.)
m NG, |[RUIT
flmeN(k‘(.'L‘,Im)k(-’lim)ilfm,k(-’li)—Q(-'Em))
Using (3), we can eliminate the latent f in the ELBO:
1
E log N (f,2) ()] = log N (k(z, ) k(Zm) " fin, ) (1) — =tr (371 (k(z) — Q(2m

fNN(k(Wm)k(h)_1fm)k(w)fQ(wm))[ g N (£, 2)(r)] = log N (k(@, @) k() ™" frn, 2)(r) = Str (277 (k(2) = Q(m)))
Combining the KL term, we can then write the ELBO as

Grr(fm:r)] 1 1
lo r) > E — e 2 — —tr (X klz) — Qlxm, 119
2pe(r) 2 FrarmClr) | qp, R(fmlr) |2 (577 (k(a) = Qlam)) (19
where G, g(fm,7) = pr,, (fm) XN (k(2, 2 ) k(2m) "1 fm, £)(r) has a Gaussian prior and likelihood, thus its posterior
is given by (11):

Grpr(fnlr) = N (A7 k() ™ (2, 2)S 71 ATY) (fin)
where A = k(z,,) " + k(2) " k(2m, 2) 7 k(2,20 ) k(2) 1.0 Since Gr, g(fm,7) Gp,,|R(fm|r) when r is held
fixed, for some C,. (constant in f,,) we can write the ELBO as
logpr(r) > —KL(gr,, |r(‘[r), G, |r(:I1)) + Cr

8Here is the detail. Let g(r) = logpg p(7|f) and h(f) = logpr(f). The first- and second-order partial derivatives of g : RY - R
are given by (letting o = 2r — 1y € {£1}" for convenience)

- dg(f)
9(f) = Y log(0:f:) o5 =il —oloif) =ri—a(f)
i=1 7
Pg(f) _ J-o(fi)1-o(f) ifi=j
afi0f; o otherwise
Thus Vg(f) =r — o(f) and V2g(f) = —W(f) < 0. Turning to h, we have
h(f) = f%f—rk(z)flf + constant Vh(f) = —k(z)"Lf

V2h(f) = —k(z)"1 <0

Since 7(f) = g(f) + h(f) + Cr for some C, constant in f, we have the statement.
91n the literature, an equivalent form is derived by convoluted algebraic manipulation. As a sanity check, we can convert to this
form as follows. Let S = k(zm) + k(zm, )" 1k(z,xm) and note that S = k(xm)Ak(Tm), thus A~ = k(zm)S ™ k(zm) and

AT k(@) T R (@m, 2) ST = k(@m) ST k(@m, )2 e A7 = k(zm)S T k(zm)

The right-hand sides become the mean and covariance proposed in Titsias (2009) with ¥ = 0?INyN-
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This shows that the optimal approximate posterior is q}ml r = Gp,|r- Since the search is not constrained, this
must be the true posterior, thus pg, g = GF,,|r- This shows the first statement. For the second statement, while
we should be able to plug q}ml g in the ELBO to derive the MLL, we get the result faster by noting that the first

term in (119) is actually a “mini-ELBO” associated with Gr,, r(fm,7) and qp,, |g(fm|r). Therefore, it attains its
own maximum at log Gr(r) where Gr(r) = N(On, Q(zy,) + X)(r) is computed by (10). This shows

log i (r) = 1o A (O, Q) + D)) — gtr (27 (k(z) — Qo)

J Individually Normal But Not Jointly Normal

This is an example from Wikipedia. Let X ~ A(0,1) and, independently, ¢ ~ R where R denotes the Rademacher
distribution. Let Y = eX. By the symmetry of the distribution of X, we have Y ~ A(0,1). More formally,

Pr(Y <z)=Pr(e=1)Pr(X <z)+Pr(e=-1)Pr(X > —x)
=Pr(e=1)Pr(X <z)+Pr(e=-1)Pr(—X <z)
1

1
:§Pr(X§x)+§Pr(X§a:)

=Pr(X <x)
Let Z=X+Y. Then Z = 0 with probability % and Z = 2X with probability %, SO

1

Pr(Z=2) =3 ([[z = 0] + N(0,1) (%)) (120)

which is not a normal distribution. Then by definition 4, (X,Y) € R? is not normally distributed. Thus X and Y
are not jointly normal, even though they are individually normal.

Mutual information. X and Y are uncorrelated. More formally,
Cov(X,Y)=E[XY]-E[X|E[Y]=E[eX?’] =E[]E[X?] =0

Thus cor (X,Y) = 0. But X and Y are not independent. Specifically, Pr(Y = z|X = z) = 3 is not equal to

Pr(Y =) = N(0,1)(z) for any z € R. This illustrates the limitation of linear correlation. On the other hand, the
mutual information between X and Y is positive:

I(X,Y) = H(X) - HX|Y) = HX) — log(2) = log ﬁ ~0.73
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https://en.wikipedia.org/wiki/Sum_of_normally_distributed_random_variables
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